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Chapter 1

Introduction

My research so far focuses on the mathematical and numerical analysis of models and numer-
ical methods designed for the simulation of molecules and materials systems. In this chapter,
I first introduce the main models that are analyzed in the subsequent chapters. I then present
scientific questions motivating this research. Finally, I provide a brief description of my con-
tributions to this field together with a list of publications.

1.1 Models in molecular simulation

Numerical simulations performed for computing physical properties of molecular and mate-
rials systems represent a large part of calculations run on supercomputers (around 35% for
the Swiss supercomputers in 2021 [1]). Depending on the size of the considered system, the
available computational resources, and the properties that are computed, various methods can
be employed, each providing a different level of accuracy.

Electronic structure (or ab initio) methods rely on the explicit modeling of the electrons
in the system. These methods include e.g. wave-function methods and density functional
theory methods. With the current computational resources available they can typically simulate
moderate-size molecular systems with only up to a few hundreds atoms. Mathematically, the
electronic structure methods rely on solving partial differential equations, which explains why
they are computationally demanding. As a main advantage, they are transferable: from one
physical system to the next, only the parameters of the partial differential equations change.
These parameters, moreover, only consist of masses and charges of the atoms in the systems,
as well as a few fundamental constants of physics.

For larger systems, classical methods such as interatomic potentials and coarse-grained
models can be used. In this case, the modeling of the electrons is implicit, and the physical
properties, starting from the potential energy of the system are written as explicit functions of
the nuclei positions. These functions are in general fitted to match either experimental data
or ab initio data. As an advantage these methods can simulate systems with at least millions
to billions of atoms, but in general lack transferability: they are often inaccurate outside the
chemical environments they were fitted or designed for.

The following Chapters 2 and 4 are concerned with electronic structure models, and Chap-
ter 5 mostly deals with interatomic potentials. We therefore start by briefly describing the main
features of electronic structure models in Section 1.1.1 before presenting interatomic potentials
in Section 1.1.3.
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10 Introduction

1.1.1 Electronic structure calculations

In the context of electronic structure calculations, molecular systems are often described by
classical nuclei characterized by their positions and velocities, and quantum electrons modeled
by a wavefunction. Indeed, protons being heavier than electrons, electrons move faster than
nuclei, and can be considered relaxed at each time step of the nuclei movement. This is a stan-
dard approximation in quantum chemistry called the Born–Oppenheimer approximation [30],
which is considered throughout this manuscript. Thus we consider a molecular system with M
nuclei and Nel electrons. The positions of the nuclei are denoted by R ∈ R3M .

We are particularly interested in computing the ground state of the system, which is the
state of lowest energy. This is a major problem in electronic structure calculations, as it gives
access to the most stable state of the system, and is a required step to compute more involved
properties, such as the characterization of excited states. The electronic wavefunction, for
given nuclei positions R, is denoted by ΨR : R3Nel → C and is anti-symmetric with respect
to permutations of the Nel input variables in R3. Since ground state wavefunctions can be
chosen real-valued (if ΨR is a ground state, Re(ΨR) and Im(ΨR) are also ground states), we
simplify the presentation accordingly and consider real-valued wavefunctions. The behavior
of the electrons can then be modeled by the Schrödinger equation, a linear high-dimensional
partial differential equation, which writes

HRΨR = ERΨR, (1.1.1)

where HR is the Hamiltonian of the problem, given in atomic units, and omitting the spin
variables for simplicity, by

HR = −1

2

Nel∑

i=1

∆ri +

Nel∑

i=1

V ne
R (ri) +

∑

1≤i<j≤Nel

1

|ri − rj |
, V ne

R (ri) = −
M∑

k=1

zk
|Rk − ri|

.

It is composed of three parts respectively corresponding to (i) the kinetic part, (ii) the Coulomb
interaction between the nuclei and the electrons, and (iii) the Coulomb interaction between the
electrons. The parameters zk are the charges of the nuclei, and ER is the ground state energy
of the system. The ground state energy also corresponds to the minimum of the following
constrained minimization problem

inf
Ψ∈H1

as(R3Nel )
∥Ψ∥L2=1

⟨Ψ, HRΨ⟩, (1.1.2)

where H1
as(R3Nel) is the space of antisymmetric H1 functions

H1
as(R3Nel) =

{
Ψ ∈ L2(R3Nel), ∥∇Ψ∥L2 < +∞, Ψ antisymmetric

}
.

As one can see, this space is very high-dimensional, and a naive discretization with 10 points
per dimensions leads to 103Nel degrees of freedom, which becomes intractable already when Nel

exceeds 3 or 4.
In practice, simplified versions of the Schrödinger equation are often employed. One of the

most widely used methods today is Density Functional Theory (DFT) [94], which is based on
the approximation of the electronic density ρR, defined as the marginal of the wavefunction

ρR : r ∈ R3 7→ ρR(r) := Nel

∫

R3(Nel−1)
|ΨR(r, r2, r3, . . . , rNel

)|2dr2dr3 . . . drNel
. (1.1.3)

Physically, it indicates where the electrons are most likely to be present.
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Among the various DFT models, the Kohn–Sham model [94] is one of the most used in
practice, as it provides an excellent compromise between accuracy and computational cost. This
model trades the high-dimensionality of the Schrödinger equation against non-linearity: one
needs to compute Nel eigenfunctions of a nonlinear operator instead of one for the Schrödinger
equation, but those eigenfunctions depend on three variables instead of 3Nel.

Mathematically speaking, it is very similar to the Hartree–Fock model [76] which consists
of restricting the minimization problem (1.1.2) to a small set of wavefunctions called Slater
determinants. The Kohn–Sham problem writes: find Nel orthonormal eigenfunctions in the
Sobolev space H1(R3)

ΦR = (ϕR,1, . . . , ϕR,Nel
) ∈

{
Φ = (ϕ1, . . . , ϕNel

) ∈
[
H1(R3)

]Nel

∣∣∣∣
∫

R3

ϕiϕj = δij

}
,

with corresponding eigenvalues λR,1, . . . , λR,Nel
∈ R, such that

(
−1

2
∆ + VR,ρ[ΦR]

)
ϕR,i = λR,iϕR,i, i = 1, . . . , Nel, with (1.1.4)

ρ[ΦR] =

Nel∑

i=1

|ϕR,i|2, (1.1.5)

where the potential VR,ρ[ΦR]
depends on the electronic density, which makes the problem non-

linear, and is defined as
VR,ρ = V ne

R + Vcoul,R(ρ) + Vxc,R(ρ), (1.1.6)

where V ne
R models the interaction between the nuclei and the electrons, Vcoul,R(ρ) contains the

Coulomb interaction between the electrons, and Vxc,R(ρ) is an additional term called exchange-
correlation that models what is missed by the other terms due to the drastic dimensionality
reduction.

An important quantity of interest appearing in the numerical resolution described below is
the density matrix, which is defined as

γR : (R3)2 → R (1.1.7)

(r, r′) 7→ γR(r, r′) :=

∫

R3(Nel−1)
ΨR(r, r2, r3, . . . , rNel

)ΨR(r′, r2, r3, . . . , rNel
)dr2dr3 . . . drNel

for the Schrödinger case, or in the Kohn–Sham context as

γR : (r, r′) ∈ (R3)2 7→ γR(r, r′) :=

Nel∑

i=1

ϕR,i(r)ϕR,i(r
′), (1.1.8)

which can also be written as an operator (using the Dirac bra-ket notation) as

γR =

Nel∑

i=1

|ϕR,i⟩⟨ϕR,i|.

We will also be interested in the pair density defined as

ρ2,R : (r, r′) ∈ (R3)2 7→ ρ2,R(r, r′) :=

(
Nel

2

)∫

R3(Nel−2)
|ΨR(r, r′, r3, . . . , rNel

)|2 dr3 . . . drNel
.

(1.1.9)

For materials systems, there is an additional difficulty: these systems are modeled as infinite
periodic systems. The nuclei are placed on a periodic lattice with unit cell Ω. In practice, the
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Figure 1.1: Band structure of Silicon (left), which is an insulator, and Mag-
nesium (right), which is a metal. The plots are generated with DFTK.jl [79].
The Fermi level defined in Section 1.1.2 is denoted by εF . The wave vectors
are k-points.

system is modeled as a so-called thermodynamic limit. We consider larger and larger domains
with L3 copies of the unit cell Ω (L per dimension) called a supercell glued with periodic
boundary conditions, with a number of electrons proportional to L3, and then take L to
infinity [69].

For a given L, on the supercell domain, the periodicity of the cell Ω has a specific symmetry
which allows to block diagonalize the Hamiltonian and solve smaller problems posed on the
unit cell Ω with the modified Hamiltonian

HR,k =
1

2
(−i∇+ k)2 + VR,ρ[ΦR]

,

that depends on a parameter k called k-point, which at the limit L → +∞ belongs to the
Brillouin zone Γ ⊂ R3 which is the Voronoi cell around the origin of the reciprocal lattice of
the material. We denote the eigenvalues for this problem λi,k.

In practice, the Brillouin zone is discretized with a few points per dimension and quadrature
rules are used to compute properties integrated over the Brillouin zone Γ. The eigenvalues
computed at each k-point form what is called the band structure of the system. They are
plotted on Figure 1.1 for two different systems, Silicon and Magnesium, for specific paths in
3D among all possible k-points.

1.1.2 Quantities of interest

In practice, many quantities of interest derive from the density matrix, the energy, or the
electronic density. A first simple example is the case of interatomic forces, which are defined
as −∇RER, where ER is the total energy of the system parametrized by the nuclei positions
defined in (1.1.1). In the simulation of materials, one can compute e.g. the integrated density
of states, which is defined as the following integral over the Brillouin zone

N (λ) =
∑

i

∫

Γ
1{λi,k≤λ}dk.

The Fermi level, which corresponds to the green lines on the two plots is defined as λ such that
N (λ) = Nel, where Nel is the number of electrons in the cell.

Further, one can also compute more involved properties such as the lattice constant, elastic
properties, melting temperatures, or photoemission spectra. For computing some of these
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properties, the Kohn–Sham equations typically have to be solved a large number of times for
different positions R of the nuclei. This is the case in molecular dynamics (MD) simulations,
where the equations are solved at each step of the time-stepping scheme, the positions of the
nuclei being changed according to the forces applied to them, or in a geometry optimization
context, where one wants to compute the most stable nuclei configuration of the given molecular
system, i.e. the one with the lowest energy.

Electronic structure models are also used a lot to generate precise databases for data-driven
models that completely avoid the resolution of the partial differential equations, including e.g.
interatomic potentials [21, 12], presented in the next subsection.

1.1.3 Interatomic potentials

For very large systems, electronic structure calculations are often intractable in practice, or at
least not for a large number of atomic configurations R. In molecular dynamics calculations,
only the total energy of the system as well as the forces applied to the nuclei are needed to run
the simulations. Therefore, many methods consist of approximating directly the energy ER as
a function of the nuclei positions and to compute the forces as −∇RER. There exist many
formulations, starting from very simple models, such as the Lennard–Jones potential, which
writes

ER =
∑

i ̸=j

f(rij),

with

f(r) = α

[(
d

r

)12

−
(
d

r

)6
]
,

where rij is the distance between the atoms i and j, and α and d are tabulated parameters of
the Lennard–Jones model [100]. This model was originally proposed to describe the interaction
between molecules of noble gases, noting that the energy should explode when particles get
close, and using a particular exponent to match the London dispersion at long range. The ex-
ponent used at short range was fitted to experimental data. Many other interatomic potentials
exist, and are based on a functional with few parameters, often fitted to physical quantities.

Since 2007, and the seminal paper [21], many interatomic potentials have been devel-
oped based on machine-learning approaches, called Machine-Learned Interatomic Potentials
(MLIPs), see e.g. [32, 13, 136, 146, 15]. These interatomic potentials are based on three main
ingredients: (i) An accurate enough database, often consisting of electronic structure calcula-
tions, where for given structures of atoms, one has computed the corresponding energy and
forces, (ii) a set of atomic descriptors which captures the neighborhood of each atom as a vector
and (iii) a functional form for the energy that takes as input the descriptors and depends on
parameters that are fitted to match the energy and forces in the database.

The choice of the functional form has a large impact on the success of the resulting inter-
atomic potential on at least four aspects. First, the functional form impacts the training of
the MLIP, that is the optimization of the free parameters in the energy functional. Indeed
between a linear model that can be optimized by solving a least square system, and a deep
neural network, the difficulty of solving the optimization problem varies a lot. Second, the final
computational cost of evaluating the energy and forces for a given system is key to perform
long molecular dynamics simulations. Third, extrapolation capabilities are very important;
they are more difficult to obtain for MLIPs than simple interatomic potentials such as the
Lennard–Jones, because the number of parameters in the model for the energy is way higher
for MLIPs. Four, the exact energy functional ER from (1.1.1) satisfies symmetry properties.
Indeed it is invariant with respect to rigid-body motion, that is translations and rotations of
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the inputs, as well as permutations of identical atoms. Therefore these symmetry properties
are often imposed on the energy functional form, since forgetting these symmetries may have
a large impact on the results (see [26]).

1.2 Discretization and resolution of electronic structure prob-
lems

In this section, we first recall the problem of finding the ground state of a molecular or materials
system, and detail its numerical resolution, in order to introduce the notation necessary for the
following chapters.

For simplicity, compared to (1.1.4), we drop the dependency in the nuclei positions R, as
we only consider here a fixed parameter R. Also, we do not mention the k-point dependency
for materials systems. Second, although it is usual in the electronic structure community to
denote by H the Hamiltonian of the system, we will denote it by A in this section and in
Chapter 2, in order to avoid too much notation with the letter h especially relative to Sobolev
norms.

1.2.1 Electronic ground-state problem

We focus on the Kohn–Sham DFT ground state problem. Mathematically speaking, it is a
minimization problem that can be formulated in the density matrix framework as follows

min{E(γ), γ ∈ M}, (1.2.1)

where
M := {γ ∈ H

∣∣ γ∗ = γ, γ2 = γ, Tr(γ) = Nel, Ran γ ⊂ V} (1.2.2)

is the manifold of rank-Nel orthogonal projectors (density matrices), H is a space of operators
on some given Hilbert space (to be made more precise later), and E : H → R is a C2 nonlinear
energy functional. The space V is also a Hilbert space. The parameter Nel is a fixed integer
depending on the physical model, typically the number of electrons or electron pairs. The
unknown is the density matrix, an orthogonal projector of rank Nel. The energy functional E
is of the form

E(γ) := Tr(Aγ) + Enl(γ),

where A is the linear part of the mean-field Hamiltonian, and Enl a nonlinear contribution which
depends on the considered model. Writing the first-order optimality conditions of (1.2.1), we
obtain the following eigenvalue equations, similarly to (1.1.4): Find Φ = (ϕ1, . . . , ϕNel

) ∈ V,
Λ = (λ1, . . . , λNel

) ∈ RNel satisfying
(
A+ V nl

Φ

)
ϕi = λiϕi, i = 1, . . . , Nel, (1.2.3)

⟨ϕi, ϕj⟩ = δij , i, j = 1, . . . , Nel, (1.2.4)

where V nl
Φ is the nonlinear part of the Hamiltonian arising from Enl(γ), and λ1, . . . , λNel

are
the lowest eigenvalues of A+ V nl

Φ , assuming that the Aufbau principle holds [36]. The density
matrix γ is linked to the orbitals Φ as follows

γ =

N∑

i=1

|ϕi⟩⟨ϕi|.
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1.2.2 Discretization of the ground-state problem

The numerical approximation of the solutions to problem (1.2.3) is done by first discretizing the
equations on a finite-dimensional space, by means of a Galerkin method. In the conforming
approach that we consider in this manuscript, this consists of choosing a finite-dimensional
space VN ⊂ V and solving the following minimization problem:

min{E(γ), γ ∈ MN}, (1.2.5)

where
MN := {γ ∈ H

∣∣ γ∗ = γ, γ2 = γ, Tr(γ) = Nel, Ran γ ⊂ VN}. (1.2.6)

Using the orbital formalism, this amounts to solving the finite-dimensional nonlinear problem:
Find ΦN = (ϕ1,N , . . . , ϕNel,N ) ∈ VN , ΛN = (λ1,N , . . . , λNel,N ) ∈ RNel satisfying

ΠN

(
A+ V nl

ΦN

)
ϕi,N = λi,Nϕi,N , i = 1, . . . , Nel, (1.2.7)

⟨ϕi,N , ϕj,N ⟩ = δij , i, j = 1, . . . , Nel,

where ΠN is the orthogonal projection on VN for the scalar product H is endowed with.
Two typical types of discretization bases are considered: localized bases for molecular sys-

tems, and plane waves for materials system. For a textbook on discretization bases, we refer
to [116].

For molecular systems, localized basis sets in particular Linear Combinations of Atomic
Orbitals (LCAO) are usually preferred. This means that the basis set {χµ}1≤µ≤N is composed
of functions centered at atomic positions

{χµ} = {ξ1,1(· − R1), . . . , ξ1,n1(· − R1); . . . ; ξM,1(· − RM ), . . . , ξM,nM
(· − RM )} ,

with ξi,j ∈ H2(R3) called atomic orbitals, n1, . . . , nK ∈ N such that
∑M

m=1 nm = N , the total
number of basis functions. Typically, in dimension 3, ξi,j(x) = ρ(|x|)Y m

l ( x
|x|), where ρ is a

Gaussian function and Y m
l is a spherical harmonics (see [77, Chapter 6] for further details).

The scalar product in (1.2.4) is then defined on R3, and one of the main advantages of such basis
set is that many quantities appearing in the discretization, in particular the integrals needed
to compute the discrete Hamiltonian matrix can be computed analytically. A major drawback
is that in practice it is very difficult to converge numerical results to machine precision because
the basis sets very quickly become ill-conditioned. Also it is in general not known how to
systematically and optimally choose the exponents of the Gaussian functions as well as the
degrees of the spherical harmonics to reach a given accuracy.

In the periodic setting used e.g. for materials systems, plane waves are often used. Let us
detail a bit the functional setting in this case. Let Ω ⊂ R3 denote a unit cell of an arbitrary
periodic lattice R, with reciprocal lattice R∗. The space of complex-valued, 2-integrable R-
periodic functions

L2
per(Ω) = {u ∈ L2

loc(R3;C) : u is R-periodic}, (1.2.8)

admits an orthonormal basis consisting of plane waves:

eG : x ∈ R3 7→ |Ω|− 1
2 eiG·x, G ∈ R∗. (1.2.9)

The discretization space is defined, given a discretization parameter Ecut ∈ N, for Ncut =√
2Ecut, by

VNcut = Span (eG : |G| ≤ Ncut) = Span

(
eG :

1

2
|G|2 ≤ Ecut

)
. (1.2.10)
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The parameter Ecut appearing in the previous definition is known in the materials science
community as the energy cutoff. The main advantage of plane waves is that the Laplace
operator is diagonal in this basis and fast Fourier transforms can be used to efficiently compute
the discretization matrix of the Hamiltonian, in particular the potential part of the operator.

In many other fields finite elements are used to discretize partial differential equations. But
they are seldom used in electronic structure calculations. As a main advantage, the operator
and mass matrices are sparse, but a large number of basis functions is needed to obtain accurate
results. In some cases, adaptive finite elements mitigate this.

1.2.3 Numerical resolution of the discretized equations

Once a discretization space VN has been chosen, equations (1.2.7) need to be solved in practice.
If V nl

ΦN
= 0 then the problem is a linear matrix eigenvalue problem for which there exist standard

resolution methods. Since the eigenvalue problem is large in general, iterative methods such as
the Arnoldi, the Lanczos method or Locally Optimal Block Preconditioned Conjugate Gradient
(LOBPCG) are prefered [93, 129].

If V nl
ΦN

̸= 0 the problem is a nonlinear matrix eigenvalue problem, and is usually solved by
means of an iterative algorithm such as the self-consistent field (SCF) algorithm [127]. Indeed
once a finite discretization basis of size N has been chosen, the nonlinear eigenvalue matrix
problem reads: Find eigenvectors C ∈ RN×Nel and eigenvalues Λ = diag(λ1, . . . , λNel

) such
that

F (CCT )C = SCΛ

CTSC = INel
, (1.2.11)

where the matrix
D = CCT , (1.2.12)

which is the S-orthogonal projector onto the Nel orbitals, is the discrete version of the density
matrix (1.1.7). The so-called Fock matrix F (CCT ) contains the discretization of the Hamilto-
nian A+V nl

ΦN
, S is the overlap matrix of the basis, INel

denotes the identity matrix of size Nel.
The SCF algorithm consists in starting from an initial guess C(0) and solving the following
linear eigenvalue problem at each iteration k

F (C(k−1)C(k−1)T )C(k) = S(k)C(k)Λ(k) (1.2.13)

(C(k))TS(k)C(k) = INel
,

where the non-linearity is frozen at the previous step. The iterations are stopped when a given
convergence criterium is met. To ensure and often accelerate convergence, a mixing step is
typically included. Without it, the algorithm may fail to converge. After kmax iterations, the
approximate solution in the discretization basis {χn}n=1,...,N is

ΦN,kmax = (ϕ1,N,kmax , . . . , ϕNel,N,kmax),

with

∀i = 1, . . . Nel, ϕi,N,kmax =

N∑

n=1

Cniχn.

The corresponding density matrix is

γN,kmax =

Nel∑

i=1

|ϕi,N,kmax⟩⟨ϕi,N,kmax |. (1.2.14)
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Direct minimization algorithms also exist and consist in solving directly the nonlinear discrete
minimization problem (1.2.5). A comparison between SCF and direct minimization is presented
in [38].

Due to the diagonalizations of the Hamiltonian matrix, the algorithms typically scale cubi-
cally with respect to the number of basis functions N . The overall cost then depends mainly
on three elements: (i) the number of basis functions used (ii) the cost of assembling the Fock
matrix at each iteration (iii) the number of iterations needed to reach convergence.

1.3 Research context summary

To summarize the context so far, in electronic structure calculations, we face high-dimensional
(possibly nonlinear) eigenvalue equations that are parametrized by the nuclei positions and that
have to be solved a large number of times for different positions of the nuclei. These equations
are numerically very costly to solve, and several approximations have to be considered in the
resolution of the problems. Then different techniques can be resorted to for approximating the
solutions efficiently among which developing error bounds, reduced order models, and machine
learning techniques.

Error estimation When we solve an electronic structure problem, we start with choosing a
model, that is then discretized and practically solved using iterative algorithms. This raises a
number of important questions. (1) Once a numerically computed solution is obtained, what
is the error between the exact solution of the considered equations and the computed solution?
Answering this question is key to know whether the computed solution is accurate enough for
applications. A posteriori error estimation is a great tool to provide such error bounds, that are,
moreover, guaranteed and computable. (2) How much does the error depend on each parameter
(e.g. discretization) of the simulation? Answering this question allows to adaptively refine the
parameters of the simulations, and decrease the overall computational cost of computing a
solution with a prescribed accuracy.

Reduced order modeling Controlling the error between the exact and approximate solu-
tions for single point calculations can be used to accelerate the simulations for a given config-
uration parameter R. However one often needs to efficiently approximate a whole manifold of
solutions. In our context this can be electronic densities

Mρ := {ρR, R ∈ C}

or density matrices
Mγ := {γR, R ∈ C},

where C is a meaningful set of configurations that will depend on the context. In this direction,
the questions are mainly concerned with the efficient approximation of the manifold, from the
knowledge of a few points in the manifold. This is closely related to the development of reduced
order models. As will be described later on, linear reduced order models are not well suited for
this application, so nonlinear reduced order models are resorted to. This raises the question of
how to develop accurate and reliable reduced order models in this context.

Machine learning When it comes to data-driven approaches, the questions considered in
this manuscript are slightly different. We are looking for adapted parametrizations of high-
dimensional functionals, typically the potential energy ER so that the computational cost
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of evaluating the functional ER is low, and that the training of the functional can be done
reasonably easily. We are also interested in how these techniques can be further adapted to
electronic structure models, and in particular how such parametrizations can be adapted to
electronic density, Hamiltonians, or wavefunction learning. My interest in this field therefore
goes toward the development of efficient descriptors of atomic environments, and studying
approximation theory under symmetry constraints.

1.4 Contributions

In this section I briefly describe my contributions and present a list of publications.

1.4.1 Summary of the contributions

In Chapters 2 to 5, I summarize the contributions made after the PhD thesis. Note that some
of the contributions, as detailed below, are not mentioned in the rest of the manuscript.

In Chapter 2, I describe the contributions to the field of a posteriori error estimation
for eigenvalue problems and the development of efficient numerical methods. The main idea
is to estimate the error between the exact and computed solution of a partial differential
equation that is in this context an eigenvalue problem. Several difficulties are in order, such
as the non-linearity of the operator, if it depends of the exact eigenvectors as is the case
in DFT, the computation of clusters of eigenvalues, or the possibly non-self-adjointness of
the operator. First, a review on a posteriori error analysis and post-processing methods for
nonlinear eigenvalue problems has been published in [A20]. Regarding the computation of
clusters of eigenvalues, fully guaranteed and computable error bounds are presented in [A10], a
work that has been started during my PhD but finished afterwards. The discretization methods
considered there are finite elements or plane waves. A fully guaranteed and computable error
estimation for nonlinear eigenvalue problems with convex density functional such as the reduced
Hartree–Fock model is presented in [A3]. The numerical results are presented in the case of a
plane wave discretization. Recently, a first guaranteed error estimation together with adaptive
basis sets has been provided in the case of a discretization based on localized basis sets [A16].
An optimization strategy for localized basis sets is, moreover, presented in [P1] (omitted later).
Error bounds for quantities of interest, such as interatomic forces are presented in [A5].

On a different topic linked to the simulation of a nuclear core, we have considered non-self-
adjoint operators and provided error bounds that can be used in a reduced basis context [A12]
(omitted later), reducing the overall computation cost of the simulations.

I also present contributions aiming at rendering numerical methods in quantum chemistry
more efficient, but that do not directly rely on fully guaranteed error bounds. A work on
adaptive cutoff choice in plane wave methods in electronic structure calculations is presented
in [A23] (omitted later). Several works are based on perturbation theory, such as two articles
discussing the Feschbach–Schur map [A22, A21], and a multipoint perturbation theory [A17].

My co-authors for these works are Andrea Bordignon, Eric Cancès, Huajie Chen, Yonah
Conjungo Taumhas, Mi-Song Dupuy, Virginie Ehrlacher, Jun Fang, Xingyu Gao, Louis Gar-
rigue, Gaspard Kemlin, Antoine Levitt, Tony Lelièvre, Filippo Lipparini, Beilei Liu, Ioanna-
Maria Lygatsika, Yvon Maday, François Madiot, Rafael Antonio Lainez Reyes, Michael Sigal,
Benjamin Stamm, Laurent Vidal, Martin Vohralík.

In Chapter 3 are presented several contributions related to optimal transport, that aim at
proposing distances adapted to electronic structure calculations. We present the development
of modified Wasserstein barycenters for mixtures of probability distributions in [S2], as well as
modified Wasserstein barycenters that satisfy given marginal properties [A13].
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My co-authors for these works are Maxime Dalery, Virginie Ehrlacher, and Nathalie Nouai-
me.

In Chapter 4 are presented contributions to nonlinear model order reduction for quantum
chemistry-based problems. A numerical method aiming at reducing the computational cost of
ab initio molecular dynamics simulations based on an extrapolation scheme on the Grassmann
manifold was presented in [A26, A25, A24]. It substantially reduces the computational time of
these simulations. We also propose nonlinear reduced order models based on optimal transport.
A first work on a toy model is presented in [S1]. Finally an original view of pair-density
approximation based on a statistical object called copula, which is also linked to optimal
transport, is presented in [A18].

My co-authors for these works are Maxime Dalery, Virginie Ehrlacher, Gero Friesecke,
Claudia Klüppelberg, Filippo Lipparini, Alexei Lozinski, Patrizia Mazzeo, Aleksandr Mikhalev,
Federica Pes, Etienne Polack, Benjamin Stamm.

The last chapter of this manuscript is concerned with data-driven methods for the computa-
tion of interatomic potentials, as well as Hamiltonian operators, and wavefunctions. Regarding
the interatomic potentials, contrarily to the previous chapters, the main interest is in approx-
imating directly the energy and the forces of the system without the use of the electronic
structure. The main contributions are based on polynomial approximations of the potential
energy surface. A first approximation based on permutation-invariant polynomials and invari-
ant theory is presented in [A1, A27]. A more efficient approximation, still based on invariant
polynomials and called Atomic Cluster Expansion (ACE) is presented in [A15]. The ACE
method has then been extended to the learning of Hamiltonians in [A28]. Theoretical results
on the approximation of a class of functions that satisfy permutation invariance, that includes
multiset functions can be found in [A2]. To conclude, a recent work [P2] compares different
state-of-the-art methods to compute the electronic structure in a data-driven way based on
machine-learning and tensor methods.

My co-authors for these works are Alice Allen, Gautam Anand, Markus Bachmayr, Gábor
Csányi, Mathias Dus, Clément Guillot, James Kermode, Adam McSloy, Berk Onat, Cas van
der Oord, Christoph Ortner, Reinhard Maurer, Joel Pascal Soffo Wambo, Jack Thomas, Liwei
Zhang.

1.4.2 List of publications

The articles [A14, A11, A9, A8, A4, A19, A7, A6] were done during my PhD thesis and will
not be presented in the following chapters.

Submitted preprint articles

[S1] M. Dalery, G. Dusson, V. Ehrlacher, and A. Lozinski, Nonlinear reduced basis
using mixture Wasserstein barycenters: application to an eigenvalue problem inspired from
quantum chemistry, arXiv:2307.15423, (2023).

[S2] G. Dusson, V. Ehrlacher, and N. Nouaime, A Wasserstein-type metric for
generic mixture models, including location-scatter and group invariant measures,
arXiv:2301.07963, (2023).
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Chapter 2

A posteriori error estimation and
efficient numerical methods for
eigenvalue problems

The aim of a posteriori error estimation is to provide guaranteed and computable error bounds
between the exact solution of a given equation and a numerically computed – hence approximate
– solution to this equation. As we will see in this chapter, these a posteriori error bounds can
in general be used for two purposes, either to guarantee the accuracy of the computed solution,
or to improve the computed solution at a low computational cost.

The partial differential equations of interest in this manuscript are (possibly nonlinear)
eigenvalue problems. In this chapter, we start by presenting in Section 2.1 the main ideas
behind a posteriori error estimation, and the available tools to estimate the error between exact
and approximate solutions. The following Section 2.2 details different aspects of a posteriori
error bounds and how the contributions [A10, A20, A5, A16, A3] fit in the literature. In
Section 2.3, we present contributions concerning perturbation theory, a great tool for obtaining
approximations of solutions to problems that are close to known equations. In Section 2.4, we
present research perspectives related to this subject.

2.1 A posteriori error estimation for generic problems

To present the gist of a posteriori error estimation, we start by considering a generic problem:
find x∗ ∈ V such that

F (x∗) = 0,

where F : V → W is a smooth nonlinear mapping and V and W are two Banach spaces.
In general, only numerical approximations x ∈ V of a solution x∗ are available. Often, the
numerical analysis starts by deriving an a priori error estimation, which provides a convergence
rate of the error between the approximate solutions x and the exact solution x∗ that depends
on the number of parameters used to represent the solution x, for a given numerical method.
However this is in general insufficient to guarantee that the error is below a given tolerance,
e.g. 10%, 5%, 1%, because of unknown quantities in the estimations, such as the norm of the
exact solution. The goal of a posteriori error estimation is therefore to bound the error ∥x−x∗∥
by quantities that are both guaranteed and computable. In principle, this leads to a control
over the approximation error which allows to ensure that indeed the numerical error is below
a prescribed tolerance.

The main available tool in this field is the residual analysis. The residual quantifies the
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error in satisfying the equation, that is F (x). It is zero for the exact solution x∗ but nonzero
for a generic x. Naturally we expect that a small norm of the residual ∥F (x)∥ corresponds to
a small error ∥x− x∗∥. The aim of the a posteriori error estimation is to transform this vague
statement into a rigorous one, with computable quantities.

To give an example of how this can be done, we consider the toy problem of solving a linear
system Ax∗ = b, with A an n by n real invertible matrix, and b a vector of size n. The residual
function F is in this case F : Rn → Rn with

F (x) = Ax− b.

Then, given an approximate solution x, one can remark that since F (x∗) = 0,

A(x− x∗) = F (x).

Therefore, one can easily relate the solution error x − x∗ to the residual F (x) e.g. for the
2-norm as

∥A(x− x∗)∥2 = ∥F (x)∥2,
which is already an a posteriori error bound.

The choice of the norm in the previous equation is in fact crucial, and depends on the norm
of interest in the solution error. For example, if we are interested in the 2-norm of the error
x− x∗, then one has

∥x− x∗∥2 = ∥A−1F (x)∥2,
which seems at first sight an excellent a posteriori error bound, since there is an equality
between left-hand side and right-hand side, and not just an inequality. However, computing
A−1F (x) amounts to solving a linear system which is exactly what is needed to find the exact
solution x∗, and therefore this error bound is not computable in practice. At that stage, one
possibility is to estimate the norm of the matrix A−1 which in some cases is known in advance
and to write the a posteriori error estimation

∥x− x∗∥2 ≤ ∥A−1∥∥F (x)∥2, (2.1.1)

but this can lead to a huge overestimation of the error, which would then be useless in practice.
In between inverting the whole system and hugely overestimating the error, many possibilities
can be imagined, and this is where the core work is being done. Indeed, at the end, a good a
posteriori error bound is a bound that provides an accurate approximation of the error while
being reasonably cheap to evaluate in practice.

The link between the error and the residual was particularly simple in the above case due
to the linearity of the considered problem. For a generic nonlinear problem F (x) = 0, similar
estimations can be obtained with a first-order Taylor expansion of the residual. Namely, since
F (x∗) = 0, one has, up to higher order terms

F (x) ≈ F (x∗) +DFx(x− x∗) = DFx(x− x∗),

where DFx is the differential of F at x. Therefore, in the case where the previous equation can
be inverted the error can be approximated by

x− x∗ ≈ [DFx]
−1F (x). (2.1.2)

At that stage where the error is estimated as

x− x∗ ≈ err,
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there are two possibilities depending on the context. One is to compute an improved solution
by setting

x̃ := x− err. (2.1.3)

This is the idea behind many standard iterative algorithms such as the gradient method or
Newton algorithm, the latter corresponding to the error estimation (2.1.2). The other possi-
bility is to transform the error approximation into a rigorous error bound. This is exactly the
result of the Newton–Kantorovitch theorem [89, 115] (implicit function theorem) presented in
the functional setting of interest in [34]. Under the assumptions that the differential of F is
invertible at x, does not locally vary too much in a neighborhood of x, and assuming that the
residual is small enough, then the error can be a posteriori estimated, as stated below.

Theorem 2.1.1 (Theorem 2.1 in [34]). Let V,W be two Banach spaces. Let F : V →W be a
C1 mapping and x ∈ V be such that DFx ∈ L(V,W ) is an isomorphism. Let

ε = ∥F (x)∥W ,
γ = ∥[DFx]

−1∥W,V ,

L(α) = sup
y∈B̄(x,α)

∥DFy −DFx∥V,W .

Assume that 2γL(2γε) ≤ 1. Then the problem F (x) = 0 has a unique solution x∗ in the ball
B̄(x, 2γε) and

∥x− x∗∥V ≤ 2γ∥F (x)∥W . (2.1.4)

This theorem provides a systematic way to obtain a posteriori error bounds for nonlinear
problems. It essentially amounts to guarantee that the remainder in the first-order Taylor
expansion is small enough and can be absorbed in the factor 2 in (2.1.4). However, this theorem
has the same drawback as (2.1.1), i.e. the estimate depends on the norm of the inverse of the
differential which can hugely overestimate the error in practice. Therefore, the choice of the
functional spaces V,W is crucial to obtain accurate bounds. Note that often, the error to be
controlled is given by the context, which can also lead to norms in the residual that are difficult
to evaluate, typically dual norms. Hence deriving good a posteriori error bounds for nonlinear
problems remains a challenge in general, and has to be adapted to the equations of interest.

When the considered function F is the gradient of an energy functional that is minimized,
as it is the case for the ground state energy, we have the following error estimate on the energy

E(x)− E(x∗) ≈ 1

2
D2Ex(x− x∗, x− x∗),

where D2Ex is the second-order differential of the energy E at x. This relation implies that the
error in the energy is second-order with respect to the error in the solution. This property will
later be exploited in the context of eigenvalue problems, where the eigenvalues are associated
with the energy, and the eigenvectors correspond to the solution x.

As an extension, it is natural to wonder how to obtain error bounds on quantities of interest,
starting with the simplest case in electronic structure calculations, which is the interatomic
forces (see [A5]). Assume that we are interested in a real-valued quantity of interest Q(x∗),
where Q : Rn → R is a C1 function, then we have the approximate equality with computable
right-hand side:

Q(x)−Q(x∗) ≈ ∇Q(x) ·
(
DF−1

x F (x)
)
. (2.1.5)
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From here, we obtain the simple estimate

|Q(x)−Q(x∗)| ≲ |∇Q(x)|
∥∥DF−1

x

∥∥
op
∥F (x)∥,

where ∥·∥op is the induced operator norms on Rn×n (note that ∇Q(x) ∈ Rn and DFx ∈ Rn×n).
This approximate bound can be turned into a rigorous one provided that one can estimate
second-order derivatives using Newton–Kantorovitch theorem; see for instance [132]. However
in general we face the same problem as above for the solution, which is the overestimation of
the error if standard operator norms are used.

Once an a posteriori error bound has been obtained, we are able to guarantee that the
approximation error is below a given tolerance, which amounts to certify the results of the
simulations to some accuracy. We can also use the error bound to adapt the parameters of the
simulations in order to reduce the total computational cost leading to a final given accuracy.
This requires an additional ingredient, which is the separation of the a posteriori error bound
into several components that mainly depend on a specific parameter of the simulation. In finite
element simulations, the total error is usually separated in local components as

errtotal ≤
∑

k

(ηk)
2,

where ηk are local quantities, so that only parts of the mesh where the associated error is
the largest are refined [48, 40, 58]. Among the strategies used to determine which elements
to refine is the Dörfler marking strategy [54], where only a given proportion of the elements
is refined, linked to a proportion of the total error. Although very common in finite element
simulations, adaptive strategies are less developed when it comes to local basis sets, or adaptive
refinement via an error separation with respect to the discretization on one side and the number
of iterations in the iterative algorithm used to compute the solution on the other side. But
there are some recent works in this direction, both in the context of electronic structure [147],
or for other problems [33, 107].

To conclude, a wish list for the derived a posteriori error bounds is the following: (i)
computable, (ii) guaranteed, (iii) cheap to evaluate, and (iv) separable with respect to the
parameters of the simulations.

2.2 A posteriori error estimation for eigenvalue problems

2.2.1 Overview

In my research, I have been interested in electronic structure problems, which often exhibit
nonlinear eigenvalue problems, such as the Kohn–Sham model (1.1.4). In electronic structure
calculations, the differential operators involved are in most cases, and at least in what will be
mentioned in this discussion, self-adjoint, and of the form −∆ + V , where V is some poten-
tial. Deriving a posteriori error bounds for eigenvalue problems has been a subject of interest
at least from the 1960s. Many error bounds have been proposed since, and I summarize my
contributions in the field in Table 2.1. Before diving more precisely into the literature and my
contributions, I will first provide an overview of the various problem settings considered, along
with the main techniques employed to derive a posteriori error estimates. From a method-
ological perspective, one must distinguish between the following categories: (i) the considered
operator, (ii) the number and position in the spectrum of eigenvalues that have to be computed,
(iii) the discretization basis, (iv) the algorithm used to solve the discretized equations, and (v)
the quantities of interest to be computed (e.g., eigenvalues, eigenvectors, derived quantities
such as interatomic forces).
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Discretization
Equation Linear

single
eigenvalue

Linear
cluster of

eigenvalues

Nonlinear
convex
single

eigenvalue

Nonlinear
convex

cluster of
eigenvalues

Nonlinear
nonconvex

(not
guaranteed)

Finite Elements [A8] [A10]
Plane waves [A8] [A10] [A19] [A3] [A5]
Localized basis sets [A16]

Table 2.1: Summary of references on a posteriori error estimation for eigen-
value problems

The choice of the differential operator, in particular whether it is linear or nonlinear, has
a significant impact on the techniques used to derive a posteriori error bounds. For linear
eigenvalue problems, we can rely on a posteriori error bounds that are specific to this setting, as
detailed below. In contrast, nonlinear eigenvalue problems often require tools such as Newton–
Kantorovich theorem. Additionally in the nonlinear case, the nature of the energy functional
plays a crucial role in the feasibility of obtaining guaranteed error estimates. For example,
we have established guaranteed bounds in cases involving convex nonlinear energy functionals.
However, for nonconvex functionals, deriving globally guaranteed error bounds remains out of
reach. That said, for local solutions, it is still possible to obtain meaningful error estimates by
analyzing the energy locally. The main difficulty then consists of estimating the norms of the
differential of the residual F and choosing relevant Banach spaces. Typically, for the considered
operators, the appropriate norms are the Sobolev H1 norm for the solution space and the dual
space H−1 for computing the residual.

Some problems involve computing a single eigenvalue, while others a cluster or degenerate
eigenvalues. For the latter, the associated eigenvectors may no longer be uniquely defined (even
up to a sign), as any orthonormal basis of the eigenspace is valid. Therefore, instead of focusing
on individual eigenvectors, it is more appropriate to consider the orthogonal projector onto the
subspace spanned by the corresponding eigenvectors. This changes the functional analysis
setting but does not change significantly the techniques used in the proofs. But having a gap
between the considered eigenvalues and the rest of the spectrum is key to obtain guaranteed
error bounds, as it guarantees the uniqueness of the orthogonal projector. In the case where
there is no gap, we do not know how to provide error bounds, apart from computing additional
eigenvalues and relying on a further gap in the spectrum. Note that in electronic structure, the
ground state problem amounts to find the lowest Nel eigenvalues of the Hamiltonian operator,
but there are other settings of interest where one is interested in other eigenvalues, such as for
the computation of excited states.

The choice of the discretization, as mentioned before, often depends on whether molecules
or materials systems are considered. In both cases, the discretization is conforming (that is
VN ⊂ V) which means that the variational principle holds: the total energy is minimized
on a subspace of the space on which the energy is defined. As a result, we therefore have a
trivial guaranteed upper bound on the energy and the eigenvalues, which are the numerically
computed quantities. This also helps to avoid spectral pollution and ensures that the presence
of a continuous spectrum does not pose a problem as long as the highest computed eigenvalue
is below the bottom of the continuous spectrum [A16].

When a plane wave discretization is considered, as is usually done for materials systems,
a key observation is that the Laplace operator is diagonal on the discretization basis. This
means that all Sobolev norms including the dual norms H−s, s > 0 can be computed exactly
very easily. Moreover the potential is asympotically small with respect to the Laplace operator,
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especially when it is smooth. Therefore we often separate between low frequencies and high
frequencies, and neglect the potential outside of the discretization basis. Different flavors of this
argument can be found in the described contributions below: one can use perturbation theory
where the potential in the high frequencies is seen as a perturbation of the whole operator, or
use a Schur complement and only solve a linear system in the low-frequency space.

For the molecular case discretized with a localized basis, these arguments are not valid
anymore. However the atomic problems, i.e. −∆ + V with V centered on a single atom are
precisely solved with atomic basis sets from the literature. This can be exploited to obtain
guaranteed error bounds, and especially estimate the dual norms appearing in the estimations.
Using these bounds, one can construct adaptive basis sets, similarly to finite elements adaptive
refinement techniques. The main difficulty is that the bases are not compactly supported so
the error has to be made local in some way. For this we used a partition of unity.

Compared to my PhD thesis where I mostly focused on the plane wave discretization
error for linear eigenvalue problems, and some nonlinear eigenvalue problem in 1D, I since
focused on many other aspects of the problem of finding guaranteed error bounds for electronic
structure problems. I considered clusters of eigenvalues, quantities of interest, localized basis as
a discretization, and also studied 3D problems with numerical simulations on real 3D material
systems.

2.2.2 A posteriori error bounds for linear eigenvalue problems

In this section, we consider the case V nl
ΦN

= 0. We first present error estimations of an isolated
eigenvalue, before moving to the estimation of a multiple or a cluster of eigenvalues.

Single eigenvalues in linear eigenvalue problems

The a posteriori error estimation for eigenvalue problems can be traced back at least to Kato,
Temple [90, 141], Bauer and Fike [17]. They provided an a posteriori error bound on a matrix
eigenvalue (not necessarily the lowest one) that depends on the residual of the approximate
solution. For simplicity, and since the major part of this document deals with self-adjoint
operators, we present these bounds in the case of an Hermitian matrix.

Theorem 2.2.1 (Bauer–Fike [17]). Let ϕN , λN be an approximate eigenpair of an Hermitian
matrix A with ∥ϕN∥2 = 1, with residual

Res = AϕN − λNϕN .

There exists an eigenvalue λ of A such that

|λN − λ| ≤ ∥Res∥2.

This bound is very convenient for many reasons. First the bound depends on the 2-norm
of the residual, which is easy to compute. Second, it does not involve constants. Moreover the
proof is very short and can easily be extended to self-adjoint operators. As a drawback it gives
a bound between the computed eigenvalue and an eigenvalue λ, which does not have to be the
target eigenvalue. E.g. if λN aims at approximating the lowest eigenvalue, the corresponding
λ may not be the lowest eigenvalue of the matrix A. More importantly it largely overestimates
the error in practice, and does not converge to the error at the right rate, which means that
the bound degrades when the approximation λN is improved. Also, it does not provide any
error bound on the eigenvector error.

Kato and Temple have provided error bounds on the eigenvalues that improves the conver-
gence speed by replacing the 2-norm by a 2-norm squared as follows.
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Theorem 2.2.2 (Kato–Temple [90, 141]). Let ϕN , λN be an approximate eigenpair of an Her-
mitian matrix A with ∥ϕN∥2 = 1, such that λN = ⟨ϕN , AϕN ⟩, with residual

Res = AϕN − λNϕN .

Let λ be the eigenvalue closest to λN and δ the distance from λN to the rest of the spectrum,
that is

δ = min
i

{|λi − λN |, λi ̸= λ, λ ∈ Sp(A)} .

Then

|λN − λ| ≤ ∥Res∥22
δ

.

Compared to the Bauer–Fike bound, this bound is better because the norm of the residual
is squared, hence when ∥Res∥2 → 0, the Kato–Temple bound is smaller than the Bauer–Fike
bound. However, this bound exhibits a constant 1/δ which is the gap between the eigenvalue
of interest and the surrounding ones. This therefore requires that the approximate eigenvalue
is simple. Moreover, when the gap is very small, the constant explodes. In practice, the bound
is not optimal, in the sense that when the error decreases, the bound ∥Res∥22

δ does not converge
to the exact error |λN − λ|.

In practice, for electronic structure problems where the considered operator is −∆ + V ,
what is observed is that the discretization error behaves asymptotically like

|λN − λ| ≃ ∥A−1/2Res∥22 = ⟨Res, A−1Res⟩,

where Res is the residual for the approximate eigenpair (ϕN , λN ). First, this means that the
gap does not seem to play a role, at least when the discretization parameter goes to +∞, to
the error in the eigenvalues, and second, that the right norm to use is not the 2-norm but
the dual norm of the residual, which requires inverting a linear system to evaluate. This was
shown during my PhD thesis in [A8] for the Laplace eigenvalue problem. Therefore, efficiently
estimating the dual norm of the residual is crucial to obtain bounds that are computable within
a reasonable time.

From very simple to more involved but asymptotically exact, many bounds have been
originally proposed. The earlier contributions include [61, 148, 18, 62, 108, 95, 96, 138, 67, 19,
120]. Some of the proposed bounds so far are specific to the estimation of the first eigenvalue,
such as [9, 84, 85, 39, 150, 97, 135, 102]. For a review on the subject, see e.g. [112, 129] and
references therein.

So far, we have only mentioned the error estimation for the eigenvalues. But in many
applications, the error in the eigenvector is also important to control. Contributions to this are
provided e.g. in [143, 103, 98, 83, 53, 71, 125]. However, many of these contributions contain
uncomputable terms which are claimed of higher order on fine enough meshes in the finite
element context via a priori arguments.

Finally, depending on the derived a posteriori error bounds, the discretization basis may
be important. It especially plays a role in the estimation or evaluation of the dual norm of the
residual. A typical approach in the articles [A10, A16] is therefore the following:

1. derive generic error bounds for the eigenvalues and eigenvectors that depend on (i)-the
gap constant, and (ii)-the dual norm of the residual, such as

|λ− λN | ≤ C∥A−1/2Res∥2, (2.2.1)

where C > 0 depends on the gap,
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2. estimate the gap depending on the context in order to estimate C,

3. estimate or evaluate the dual norm of the residual,

4. combine the steps 1., 2., 3. to obtain a fully computable and guaranteed upper bound of
the error.

Step 3. is specific to the discretization basis. In general, for a Schrödinger operator, the dual
norm of the residual can be bounded by the H−1-norm of the residual upon some assumptions
on the potential. E.g., if V ≥ 1,

∥(−∆+ V )−1/2Res∥ ≤ ∥(−∆+ 1)−1/2Res∥.

For a plane wave discretization, since the Laplace operator is diagonal in plane waves, as shown
in [A10] the right-hand side is easily is computable. For the Laplace operator discretized with
finite elements, techniques based on the resolution of local problems have been developed in [58]
for a source problem and generalized to eigenvalue problems in [A10].

For a Schrödinger operator discretized with a localized basis, a recent work [A16] provides
fully guaranteed and computable error bounds for localized basis sets (LCAOs), which we
present in detail now. In this context, given parameters R1, . . . ,RK ∈ Rd corresponding to
atomic positions, for k = 1, . . . ,K, let Vk(x) = W (|x − Rk|) with W : R+ → R (typically
W (r) = 1/r) and consider the linear Hamiltonian operator of Schrödinger-type defined by

A = −1

2
∆ +

K∑

k=1

Vk,

possibly shifted to ensure that the operator A is coercive. The exact and approximate (single)
eigenvalues (not necessarily the lowest one) are respectively denoted by λ, λN and the exact
and approximate eigenfunctions by ϕ, ϕN . The first step is to obtain an estimation of the error
in the eigenvalues and eigenvectors that depends on the residual in the form of (2.2.1). The
second step is to separate the residual into atomic components, using a partition of unity as
illustrated in Figure 2.1 subordinate to a finite cover of Rd denoted by (Ωk)1≤k≤K+1, satisfying

pk ∈ C∞(Rd), supp(pk) ⊂ Ωk, 0 ≤ pk ≤ 1, and ∀x ∈ Rd,
K+1∑

k=1

pk(x) = 1, (2.2.2)

where supp denotes the support. We also define atomic operators Ak = −1
2∆+ Vk, for which

computing the eigenvalues is simpler, and we estimate the dual norm of the residual by a sum
of localized residuals over the subdomains Ωk as

∥A−1/2Res∥2 ≤
K+1∑

k=1

∥√pk Res ∥2A−1
k

.

We are now left with estimating the terms on the right-hand side of the above equation. For
this, we use a spectral decomposition of Ak which is easy to obtain as Ak is radially symmetric
on a compact domain Ωk. Let (ε

(k)
j , ψ

(k)
j ) ∈ R × H1

0(Ωk), j ∈ N, be the eigenpairs of Ak such

that 0 < ε
(k)
1 ≤ ε

(k)
2 ≤ . . . counting multiplicities and

Akψ
(k)
j = ε

(k)
j ψ

(k)
j , with ⟨ψ(k)

j , ψ
(k)
j′ ⟩Ωk

= δjj′ , j, j′ ≥ 1.
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Ω̃3
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Ω̃1

Ω4

amax
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Figure 2.1: The case of three nuclei in R2. Finite cover composed of three
balls Ω1,2,3, of radius r = amax centered at nuclei, and the unbounded set Ω4

(in light red). The hashed region is the overlap between sets of the cover.
For k = 1, 2, 3, the partition functions pk take the value one on the smaller
balls of radius r = amin (rigid green). On R2 \ (Ω1 ∪Ω2 ∪Ω3), p4 is equal to
1. Otherwise, in the hashed region, pk is strictly between 0 and 1.

By spectral calculus, we can write

∥v∥2
A−1

k

=
∞∑

j=1

1

ε
(k)
j

∣∣∣⟨v, ψ(k)
j ⟩Ωk

∣∣∣
2
.

As this sum is a priori not computable, we introduce the partial dual norm associated to the
partial sum of finite degree Jk ∈ N defined by

Ik(v) :=
Jk∑

j=1

1

ε
(k)
j

∣∣∣⟨v, ψ(k)
j ⟩Ωk

∣∣∣
2
.

We estimate the dual norm of the residual by the following computable quantity as presented
in [A16, Theorem 3.9]:

∥A−1/2Res∥2 ≤
K+1∑

k=1


Ik(

√
pk Res) +

1

ε
(k)
Jk+1


∥√pk Res ∥2Ωk

−
Jk∑

j=1

∣∣∣⟨√pk Res, ψ(k)
j ⟩Ωk

∣∣∣
2




 .

(2.2.3)
This estimation combined with (2.2.1) gives rise to very satisfactory error bounds that are
shown in Figure 2.2 both on the eigenvalue and the eigenvectors. The parameter l corresponds
to the chosen overlap in the partition of unity, and has a large impact on the quality of the
error bounds.

We then used this error bound to adaptively enlarge the discretization basis. For any atom
indexed by 1 ≤ k ≤ K, we define the local error indicator by

η2k := Ik(
√
pk Res) +

1

ε
(k)
Jk+1


∥√pk Res ∥2Ωk

−
Jk∑

j=1

∣∣∣⟨√pk Res, ψ(k)
j ⟩Ωk

∣∣∣
2


 . (2.2.4)

The refinement strategy then consists in finding for which atom k the local error indicator ηk
is the largest and increasing the number of basis functions centered on the kth atom.

We numerically observe that for a system (in 1D) with two different charges, the adaptive
strategy yields a nice convergence rate improvement compared to putting the same number of
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Figure 2.2: Estimates of errors ∥ϕ1 − ϕ1N∥A (solid lines) and λ1N − λ1
(dashed line) for first eigenpair (λ1, ϕ1) of (1.2.7) with V nl

ΦN
= 0, using (2.2.3).

The physical system contains two atoms in 1D. On the x-axis is the number
of AO basis functions equal to N = n1 + n2 with n1 = n2 = N/2 per atom.

degrees of freedom on each atom, as shown on the left of Figure 2.3. Moreover for a system
with two identical charges, which is shown on the right of Figure 2.3, we observe that the
number of basis functions stays the same on each atom, as expected.
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Figure 2.3: Left: distinct nuclear charges z−R = 1, zR = 3.; Right: iden-
tical nuclear charges z−R = zR = 1.Adaptive basis sets on molecules in 1D.
Exact operator norm error ∥ϕ1 − ϕ1N∥A for adaptive basis set (in green)
versus uniformly refined one with n1 = n2 (in blue).

To summarize the error estimation exploits the sharp decrease of the atomic potential, and
the fact that atomic problems can be more easily solved. The partition of unity enables the
localization of the error that is exploited to adaptively refine the discretization basis.

Multiple and clustered eigenvalues

In many contexts, several eigenvalues have to be computed together with their corresponding
eigenvectors. As mentioned in the previous section, this causes problems as the gap between
eigenvalues is potentially zero, making the single-eigenvalue error bounds not relevant as they
explode. In this case we consider the density matrix, i.e. the orthogonal projector on the
eigenvectors, which is well-defined when there is a gap between the considered eigenvalues and
the surrounding eigenvalues.
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Several works so far have been dealing with the approximation of clusters of eigenvalues.
Depending on the contributions, the authors sometimes consider the error as the distance from
the computed eigenvector to the space spanned by the set of exact eigenfunctions [71, 66]. In
this case, the norms to consider are the usual Sobolev norms, depending on the considered
differential operator. E.g. in the case of the Laplace operator, the natural norm for the
eigenvectors is the Sobolev H1 norm. In some other cases, in particular the approach developed
in [A10], the density matrix error is directly estimated. In that case, the norms to consider
are Hilbert–Schmidt norms denoted by S2(H) below adapted to the operators at stake in the
equations. The functional analysis setting is precisely described in [A10, Section 2.2].

The obtained error bounds are valid under the crucial assumption that there is a gap
between the cluster of considered eigenvalues (from index p to P counting multiplicities) and
surrounding eigenvalues, as follows. We denote with a subscript N approximate quantities.

Assumption 2.2.3 (Gap assumption). There holds λp−1 < λp if p > 1 and λP < λP+1, and
there exist λP+1, and λp−1 if p > 1, such that there holds

λp−1 ≤ λp−1 < λpN when p > 1, λPN < λP+1 ≤ λP+1.

The first result to highlight here is a theorem linking the error in the density matrices
denoted by γ and the sum of the eigenvalues in the considered cluster.

Theorem 2.2.4 (Eigenvalue bounds). Let Assumption 2.2.3 hold and let the density matrices
γ0 and γN be respectively the exact and approximate density matrices. Then

∥A1/2(γ0 − γN )∥2S2(H) − λP ∥γ0 − γN∥2S2(H) ≤
P∑

i=p

(λiN − λi) ≤ ∥A1/2(γ0 − γN )∥2S2(H). (2.2.5)

This means that bounds on the eigenvalues and the eigenvectors can be obtained similarly.
For conciseness, we only present the obtained error bounds on the eigenvalues. Another inter-
esting property is that the errors on density matrices ∥A1/2(γ0−γN )∥2S2(H) and ∥γ0−γN∥2S2(H)
can be efficiently computed from the eigenfunctions. Provided that these conditions can be ver-
ified, we obtain a guaranteed error bound on the eigenvalues (and hence the density matrices)
as stated in the following theorem [A10, Theorem 5.9].

Theorem 2.2.5 (Guaranteed bounds for the sum of eigenvalues). Let p, P ∈ N\{0}, P ≥
p. For i = p, . . . , P , let (ϕiN , λiN ) ∈ VN × R+ be an eigenpair solution to equation (1.2.7)
discretized with plane waves. Let λP+1, and λp−1 if p > 1 satisfying Assumption 2.2.3. For
i = p, . . . , P , define ResN = AϕiN − λiNϕiN . Then

0 ≤
P∑

i=p

(λiN − λi) ≤ (1 + cN )

P∑

i=p

∥ResN∥2H−1(Ω), (2.2.6)

with

cN =
cλPN

N2
max

[(
λpN

λp−1

− 1

)−1

,

(
1− λPN

λP+1

)−1
]2
, (2.2.7)

with a computable c > 0.

The bound on the eigenvalues mainly depends on the sum of the individual residuals,
which can be computed independently, and in parallel if needed. The remaining term cN in
the prefactor is (i) computable, (ii) decreases to 0 when N goes to infinity. Numerical results
illustrating the error bound in the case of a 1D Schrödinger operator with periodic boundary
conditions is presented in Figure 2.4. We indeed observe that the error on the eigenvalues (in
red) is closely approximated by the proposed error bound (in blue) and when the number of
degrees of freedom (ndof) is large, the actual error and the error bounds match. A similar
result has been obtained for a finite element discretization.
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Figure 2.4: Convergence of the errors and their upper bounds for a 1D
Schrödinger operator with periodic boundary conditions with p = 2, P = 3.

2.2.3 A posteriori error estimation for nonlinear eigenvalue problems

In the case of nonlinear eigenvalue problems as (1.1.4), an extra difficulty comes from the
nonlinear term V nl

Φ ̸= 0. So far, available fully guaranteed and computable error bounds
hold in the case where the energy functional in (1.2.1) is convex. To my knowledge, no global
guaranteed bound has been derived in nonconvex cases. However, in practice, one often observes
that the error bounds remain valid outside of the regime where they are guaranteed, and can
provide practically relevant error bounds.

A review of different error bounds available in this case is presented in [A20]. The main
references in the field are the following. In [104], an error bound is provided for the Hartree–
Fock model, that is not guaranteed, but seems to work well in practice, even for local basis set
discretizations. In [A19], a fully guaranteed error bound is provided for the Gross–Pitaevskii
equation, which consists in finding the single lowest eigenvalue and the corresponding eigen-
vector of a nonlinear operator where the nonlinear potential takes the simple form V nl

Φ = |Φ|2
and is convex. In this case, the sought-for eigenvalue is well separated from the rest of the
spectrum. The error bound is fully guaranteed and relies on the use of Theorem 2.1.1 for the
estimation. It was recently extended in [A3] to the case of several eigenvalues with a convex
energy functional. In [A5] practical error bounds for nonconvex problems are derived. They are
not fully guaranteed but turn out to work well in practice, as will be shown in the next section.
Another work [132] is not directly related to eigenvalue problems but uses a similar theory as
in Theorem 2.1.1 and could in principle be also used for nonlinear eigenvalue problems. Other
works focus on finding error bounds or building adaptive meshes such as [48, 40, 47] but the
bounds are in general not computable, that is the unknown constants are not considered in
practice.

We now provide some detail about the results obtained in [A3] in the case of a nonlinear
operator for which the energy functional is convex: the energy is a functional of the density
written as

E(γ) := Tr(Aγ) + F (ργ), (2.2.8)

where F is convex on M defined in (1.2.2) and taken smooth enough so that for each γ ∈ M
there exists Vργ ∈ L2

per(Ω;R) such that, for any γ̃ ∈ M,

⟨F ′(ργ), ργ̃⟩ =
∫

Ω
Vργργ̃ = tr

(
Vργ γ̃

)
, (2.2.9)

with a slight abuse of notation for the last term of the previous equation. The eigenvalue
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problem (1.2.7) can be recast in this case as: Find ΦN = (ϕ1,N , . . . , ϕNel,N ) ∈ VN , ΛN =
(λ1,N , . . . , λNel,N ) ∈ RNel satisfying for i, j = 1, . . . , Nel,

(
A+ V nl

ργN

)
ϕi,N = λi,Nϕi,N , (2.2.10)

⟨ϕi,N , ϕj,N ⟩ = δij ,

γN =

Nel∑

i=1

|ϕj,N ⟩⟨ϕi,N |.

The following simple calculation is key in the analysis to obtain guaranteed error bounds
in the nonlinear case: For any µ ∈ R,

E(γN )− E(γ0) = tr
(
(A+ VργN − µ)γN

)
− tr

(
(A+ VργN − µ)γ0

)

−
(
F (ργ0)− F (ργN )− ⟨F ′(ργN ), ργ0 − ργN ⟩

)
.

(2.2.11)

Now since the functional F is convex, the term −
(
F (ργ0)− F (ργN )− ⟨F ′(ργN ), ργ0 − ργN ⟩

)
is

negative and can therefore be dropped in the estimation of the energy. Second, the estimation
being valid for any µ ∈ R, one can choose the best µ ∈ R to make the right-hand side of the
previous equation as small as possible, but still positive and computable. A good µ ∈ R is such
that − tr

(
(A+ VργN − µ)γ0

)
is negative, so that the upper bound

E(γN )− E(γ0) ≤ tr
(
(A+ VργN − µ)γN

)
,

does not depend on γ0 anymore. Moreover, the larger µ is, the smaller is the bound. Therefore,
one has to find a µ as large as possible satisfying

µ ≤ 1

Nel

Nel∑

i=1

εi,

where ε1, . . . , εNel
are the lowest eigenvalues of the operator A + VργN . This requires a lower

bound of the mean of the eigenvalues of a linear eigenvalue problem.
As described in Chapter 1, for a fixed discretization parameter N , the density matrix

γN solution to (2.2.10) is not directly computable but is obtained as the limit of a sequence
(γN,m)m∈N generated by SCF iterations (see Section 1.2.3). Hence, we replace γN by γN,m

from (1.2.14), and εi = λi,N,m. In other words, we compute µlbN,m+1 as a lower bound of
the mean of the eigenvalues from the (infinite-dimensional) eigenvalue problem (2.2.10) with
A = A + V nl

ργN,m
. The bound for the mean of the lowest eigenvalues can e.g. be based on the

guaranteed error estimates for eigenvalue clusters [A10]. In [A3] we also propose more accurate,
although not fully guaranteed, error estimates which are easily computable. Having the needed
lower bound µlbN,m+1, one obtains a bound for the energy error as

0 ≤ E(γN,m)− E(γ0) ≤ tr
(
(A+ VργN,m

− µlbN,m+1)γN,m

)
, (2.2.12)

and yields the following certification of the energy at iteration m of the SCF algorithm:

E(γ0) ∈
[
E(γN,m)− tr

(
(A+ VργN,m

− µlbN,m+1)γN,m

)
, E(γN,m)

]
. (2.2.13)

Informally, this means that we can control the error at iteration m via doing an extra iteration
of the SCF algorithm.
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Separating between discretization and SCF error We can then use these bounds to
adapt the parameters of the simulation and obtain optimized parameters (discretization and
number of iterations) to reach a given accuracy. Indeed we separate the error bound (2.2.12)
into two parts: one depending mainly on the discretization

errdiscN,m := tr
(
(A+ VργN,m

− µlbN,m+1)γN,m+1

)
≥ 0, (2.2.14)

and the other depending mainly on the number of SCF iterations

errSCF
N,m := tr

(
(A+ VργN,m

)γN,m

)
− tr

(
(A+ VργN,m

)γN,m+1

)
≥ 0. (2.2.15)

Then, as tr(γN,m+1) = tr(γN,m), we naturally have that

tr
(
(A+ VργN,m

− µlbN,m+1)γN,m

)
= errdiscN,m + errSCF

N,m.

In [A3] we proved the following theorem, providing a fully guaranteed and computable bound
of the energy error, which, moreover, separates relative to the different sources of errors.

Theorem 2.2.6 (Fully guaranteed error bound on the energy). Under some assumptions, there
holds

E(γN,m)− E(γ0) ≤ errdiscN,m + errSCF
N,m, (2.2.16)

where errdiscN,m and errSCF
N,m are respectively defined by (2.2.14) and (2.2.15).

Figure 2.5: Tracking of the error E(γN,m) − E(γ0) for a Si crystal (eight
k-points). (Left) Full-inversion bound with zeroth- and first-order approx-
imations. (Right) Zeroth-order bound and its splitting between SCF and
discretization contributions, as in (2.2.16).

We remark that (i) errSCF
N,m goes to zero as the number of SCF iterations m goes to in-

finity, provided that the SCF algorithm does converge, and (ii) errdiscN,m tends to zero as the
discretization space is enlarged, provided that the limit of VN when N → +∞ is H1

per(Ω) in the
sense that ∀ϕ ∈ H1

per(Ω), ∥ϕ−ΠNϕH1
per(Ω)∥ → 0 as N → ∞, and that µlbN,m+1 is well chosen,

for instance as explained above. This method is illustrated on a series of test cases. For the
purpose of this manuscript, we present in Figure 2.5 one of these results in a Silicon crystal.
On the left part of the figure, we plot the energy error, and the corresponding error bounds
computed with several methods (either with 0th order or 1st order approximation of the dual
norm of the residual – cheap to compute but not fully guaranteed, or with the full inversion –
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more expensive but fully guaranteed). We observe that all the bounds closely match the error
in the energy. On the right part of the figure, we compare the different components of the error
bound when separated between discretization and SCF error. We observe that, as predicted,
the SCF error decreases down to machine precision, while the discretization error is constant
(since the discretization is fixed in this example) and becomes the largest part of the error at
the end of the iterations.

2.2.4 A posteriori error estimation for quantities of interest

Once error bounds are available on the eigenvalues and the eigenvectors and/or the density
matrix, it is natural to wonder how these bounds can be extended for quantities of interest.
This has been investigated in [A5] for interatomic forces. Let us first explain the main ideas
and the difficulties that are faced when studying quantities of interest.

Assume we want to find x ∈ Rn such that F (x) = 0, for some nonlinear function F : Rn →
Rn (the residual). In this contribution, the first task was to find the Jacobian DFx, which is
not trivial due to degeneracies (eigenvalues e.g.) and constraints (the density matrix has to
belong to M defined in (1.2.2)) of the input space. For this, we strongly used the geometrical
framework developed in [38]. Second, the computation of the Jacobian is very expensive in
this context, so that an iterative procedure has been developed to limit the computational
cost of the Jacobian. Third, choosing the norm to compute the errors and the residual is not
obvious, as mentioned in the beginning of this chapter. Otherwise, the errors can be largely
overestimated. As in other works, we considered Sobolev norms, with the aim of making DF
a bounded operator between the relevant function spaces.

The main result of this work therefore lies in the derivation of an efficient, asymptotically
accurate, way of approximating ∇Q(x)·

(
DF−1

x F (x)
)

using the specific structure of the residual
F (x) in a plane wave discretization, where Q represents a component of the interatomic forces
of the system. This approximation can then be used either to approach the actual error
Q(x)−Q(x∗) in (2.1.5) or to improve Q(x) by computing Q(x)−∇Q(x) ·

(
DF−1

x F (x)
)
, which

is a better approximation of Q(x∗).
To do so, we leverage the fact that the Laplace operator is diagonal in plane waves. We

decompose the error on the low-frequency and high-frequency modes, and use a Schur com-
plement to improve the error bound, while limiting its computational cost. We denote by
FSchur(γ) the new residual satisfying

FSchur(γ) =

[
(Ω+K)−1

11 (F1 − (Ω+K)12M
−1
22 F2)

M−1
22 F2

]
,

where M22 is substantially the Laplace operator, so that it is very easy to invert. The operator
(Ω+K)11 only involves low-frequencies.

In Figure 2.6, we plot the new estimate dQ(γ) · (RSchur(γ)) of the error Q(γ)−Q∗ as well
as the differences

Qerr −Q∗ := Q(γ)− dQ(γ) · (Πγ(γ − γ∗))−Q∗,

Qres −Q∗ := Q(γ)− dQ(γ) · (M−1R(γ))−Q∗,

QSchur −Q∗ := Q(γ)− dQ(γ) · (RSchur(γ))−Q∗,

in order to have a better estimation of the improvement on the estimation of the error. With
the Schur complement method, the new estimate better matches the error than the crude one
simply using the residual: the accuracy of the estimation is approximately improved by one
order of magnitude.
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Figure 2.6: (Left) Estimation of the error Q(γ)−Q∗ with dQ(γ) ·X where
X is either the exact error Πγ(γ−γ∗), the preconditioned residual M−1R(γ)
or the modified residual FSchur(γ). (Right) Enhancement of the estimation
of the forces by replacing Q(γ) with Q(γ) − dQ(γ) · X where X is either
the exact error Πγ(γ − γ∗), the preconditioned residual M−1F (γ) or the
modified residual FSchur(γ).

To conclude, obtaining error bounds on quantities of interest is possible, but requires a
special care about the chosen norms and estimations, and has to take into account the structure
of the problem.

2.3 Perturbation theory and beyond

In this section, we turn to a priori error estimates based on perturbation theory. The essence of
perturbation theory is to provide Taylor expansions of quantities of interest such as eigenvalues
or eigenfunctions, given the Taylor expansion of a differential operator. The obtained expres-
sions can often be used to compute improved solutions at a low computational cost similarly
to (2.1.3), or provide with information on convergence rates with respect to some parameter
of the model. We present this theory with different flavors in this Section. We first present
standard perturbation theory in the context of eigenvalue problems, which is extensively pre-
sented in Kato’s book [91] in Section 2.3.1. We then present the contribution [A17] which
extends perturbation theory in a context where one does not have a single reference problem
but several. Third, we present in Section 2.3.3 another object called Feshbach–Schur map
where the transformation between a reference problem and the problem of interest writes as a
Schur complement.

2.3.1 Perturbation theory

The rationale behind perturbation theory is to find an approximation of an eigenvalue problem
of interest by relating it to a known reference problem. In this section, we consider a reference
Hamiltonian denoted by H0 that is self-adjoint in a given Hilbert space, and we consider a
family of Hamiltonian operators depending on some operator G

HG := H0 +G.

We consider admissible G’s as a set of self-adjoint operators that are H0-form bounded. This
mainly imposes that the essential spectrum of HG is the same as that of H0. For simplification
of the presentation, we only deal with the case of a single (lowest) eigenvalue λG, where,
moreover, the separation between the considered eigenvalue and the rest of the spectrum is lower
bounded over the set of admissible G’s. However, this can easily be extended to multiple and
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clusters of eigenvalues (see [126]). The orthogonal projector on the corresponding eigenvalue
is denoted by γG and can be defined for any G using the resolvent (z −HG)

−1 as the contour
integral

γG :=
1

2πi

∮

C
(z −HG)

−1 dz,

where the contour C can be the same for all G’s due to the assumption on the admissible
set of operators. For deriving the perturbation theory formulas, we also need to define the
pseudo-inverse operator

KG :=

{ (
(λG −HG) (Ker(λG−HG))⊥

)−1
on (Ker (λG −HG))

⊥ ,

0 on Ker (λG −HG) .
(2.3.1)

The reference Hamiltonian is taken as HG1 for some G1 so for this operator, we assume
that we know the eigenvalue λG1 and a corresponding eigenvector exactly.

Standard perturbation theory consists in providing an approximation of γG as a series in
the difference HG −HG1 which in this context is just G − G1. It relies on the widely known
resolvent identity

(z −HG)
−1 = (z −HG1)

−1
(
1− (G−G1) (z −HG1)

−1
)−1

, (2.3.2)

and a Neumann expansion of the operator
(
1− (G−G1) (z −HG1)

−1
)−1

. Integrating over
the chosen contour in order to obtain the orthogonal projector on the eigenvector, it is natural
to define for n ∈ N,

Tn :=
1

2πi

∮

C
(z −HG1)

−1
(
(G−G1)(z −HG1)

−1
)n

dz, γn :=

n∑

p=0

Tp,

which are the different terms appearing in the Neumann expansion.
The following classical result [91, 126] relates the error between the exact orthogonal pro-

jector γG and its approximation at order n to the difference in the operators. A complete
version can be found in [A16, Proposition 2.2].

Proposition 2.3.1 (Standard linear perturbation theory bound). Let G1, G be two operators
defined as above. There exists a constant c > 0 independent of G−G1 such that for any n ∈ N,

||γG − γn|| ≤ c (C ||G−G1||)n+1 , (2.3.3)

with C := maxz∈C

∣∣∣
∣∣∣(z −HG1)

−1
∣∣∣
∣∣∣ .

The operator norms appearing in (2.3.3) are standard operator norms. Note that other
norms can be considered e.g. operator norm linked to H0 for the projectors, in which case the
corresponding dual norm has to be used for measuring the difference G−G1. The terms in γn
can be obtained explicitly using Cauchy’s integration formula. For instance, T0 and T1 read

T0 = γG1 ,

T1 = γG1(G−G1)KG1 +KG1(G−G1)γG1 .

Therefore, perturbation theory provides an efficient way to approximate the orthogonal pro-
jector of an operator that is close to a well-known operator, which, in the context of electronic
structure calculations, is typically the Laplace operator. Nevertheless, one can also imagine
using perturbation theory in the case where the nuclei positions slightly move and use the
orthogonal projector for a given configuration R as the base for a different configuration. This
will actually be the spirit of the Grassmann extrapolation method presented in Section 4.2,
however, with several reference points, which brings us to introduce multipoint perturbation
theory.
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2.3.2 Multipoint perturbation theory

As presented in [A17], a natural extension of single-point perturbation theory is to consider
several reference operators and to extend the resolvent identity (2.3.2) to leverage several
reference operators. We denote these operators by G1, G2, . . . , Gm ∈ G, where G is the space
of admissible operators G’s. Therefore we are interested in the case

G ≈
m∑

i=1

αiGi.

To simplify, we restrict ourselves to the case
∑m

i=1 αi = 1. The next theorem which is a
simplified version of [A17, Theorem 3.1] provides such extended resolvent formula: we link the
resolvent of a given G to the resolvent of the G′

is.

Theorem 2.3.1 (Multipoint resolvent formula). Let α = (αj)
m
j=1 ∈ Rm, G = (Gj)

m
j=1 ∈ Gn,

G ∈ G, z ∈ C\
(
σ(HG) ∪m

j=1 σ(HGj )
)
. We define the operators

Hz :=
∑

1≤i<j≤n

αiαj (Gi −Gj)
(
z −HGj

)−1
(Gi −Gj) (z −HGi)

−1 ,

Lz :=

m∑

j=1

αj

(
z −HGj

)−1
.

We also define W := G−∑m
j=1 αjGj. If 1 +Hz −WLz is invertible, there holds

(z −HG)
−1 = Lz (1 +Hz −WLz)

−1 . (2.3.4)

This theorem shows that the resolvent (z −HG)
−1 can be expressed as a linear combination

Lz of the resolvents of G′
is, up to an operator (1 + ·)−1, as in the standard perturbation case.

Therefore, compared to standard perturbation theory, the single resolvent is replaced by a
linear combination of resolvents, and the remaining term (G−G1) (z −HG1)

−1 is replaced by
a sum of two terms, contributing for two different errors. The term −WLz is similar to the
remaining term in standard perturbation theory (G − G1) (z −HG1)

−1. The additional term
Hz is the most interesting one, as is contains the error terms Gi − Gj twice, and is for this
reason of higher order. This extension seems very natural, but to my knowledge, has not been
previously presented elsewhere.

Interestingly, this resolvent formula can be transformed, as in the standard perturbation
theory bound as an expansion giving an approximation of the resolvent order by order. This
expansion can then be transformed into an expansion on the orthogonal projector γG by in-
tegrating along the considered complex contour using Cauchy’s formula. Defining γn as the
approximation at order n in Gi −Gj of γG using the multipoint perturbation formula (2.3.4),
we can obtain a bound comparable to what is obtained in standard perturbation theory.

Corollary 2.3.2 (Multipoint perturbation bound). Let (Gj)
m
j=1 ∈ Gm, and γn be the multipoint

approximation at order n. There holds

||γG − γn|| ≲ δn+1+ξn
α,G + δn+1

W , (2.3.5)

with

δα,G := max
1≤i,j≤m

√
|αiαj | ||Gi −Gj ||a , δW := ||W ||a ,

recalling W = G−∑m
j=1 αjGj, where ξn is 1 if n is even and 0 otherwise.
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Interestingly, the additional power brought by ξn seems to be specific to the multipoint
perturbation setting, and improves by one order the obtained error. Therefore, somehow,
there is a gain in the convergence order that seems to be for free. Numerically, this additional
convergence order can be seen, and shows an important gain of the multipoint perturbation
theory compared to the standard perturbation theory. The computational cost of computing
the approximation γn is just proportional to the number of considered operators Gi, that is m
compared to the standard perturbation theory cost.

To conclude, perturbation theory is a powerful tool to provide approximations of density
matrices related to operators that are close to one or several well-known operators for which
the solutions are explicitly known or can be efficiently and very accurately computed. The
multipoint perturbation is specifically tailored to leverage the case when several close opera-
tors are known, which is exactly the setting in molecular dynamics simulations. This will be
illustrated in Section 4.2.

2.3.3 The Feschbach–Schur map

We now turn to another approximation technique which relies on separating the Hamiltonian
into several parts. Unlike in Section 2.3.1, where the Hamiltonian is expressed as a sum of
two operators, the Feshbach-–Schur formalism introduces a decomposition of the underlying
space into two complementary subspaces. This allows the original problem defined on the full
space to be reformulated as a nonlinear eigenvalue problem restricted to a lower-dimensional
subspace.

This construction is known as the Schur complement, a standard tool in finite-dimensional
linear algebra. When solving a linear system, one can partition the system into two components;
by exactly resolving one part, the Schur complement naturally arises. This reduces the original
system to a smaller one defined on one of the two complementary subspaces. While the situation
is more involved for eigenvalue problems, a similar approach can be employed. Extending
this approach to infinite-dimensional spaces introduces additional challenges, primarily due to
the need for carefully chosen functional spaces. However, the fundamental structure of the
technique remains the same.

For eigenvalue problems, this method originated in works of I. Schur on the Dirichlet prob-
lem in planar domains [133] and H. Feshbach, on resonances in nuclear physics [59], and was
then independently developed in numerical analysis, computational quantum chemistry and
mathematical physics, see [70, 73] with the original techniques called variously the Feshbach
projection and Schur complement methods. The error introduced by the dimensionality reduc-
tion can be quantified, even in the presence of fairly irregular potentials. As in the contributions
related to a posteriori error estimation for plane wave discretizations, this is done by splitting
the space between low and high frequencies in Fourier space, and choosing as finite dimensional
space the low frequency space. Using this splitting, we map the original problem to obtain a
reduced, finite dimensional one.

In this section we start by explaining how the technique works before moving to the specific
contributions related to this [A21, A22]. We consider a periodic lattice R and a domain Ω ⊂ Rd,
and we denote by XM the subspace of L2(Ω) spanned by the eigenfunctions of −∆ on R, with
eigenvalues smaller than ρM , as

XM =





∑

k∈R∗,|k|≤M

ûkek(x)

∣∣∣∣∣∣
û∗k = û−k, ûk ∈ C



 , (2.3.6)

where ek(x) = |Ω|− 1
2 eik·x (see (1.2.9)), R∗ = 2π

L Zd, and ρM :=
(
2πM
L

)2
.
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Let ΠM be the L2(Ω)-orthogonal projection onto XM and Π⊥
M := id−ΠM . We consider the

Galerkin approximation of the linear Hamiltonian H := −∆+ V,

HM := ΠM (−∆+ V )ΠM .

Let φ denote an eigenfunction of the Hamiltonian H, we introduce the projections φM = ΠMφ
and φ⊥

M = Π⊥
Mφ and project the exact eigenvalue problem

Hφ = λφ (2.3.7)

onto the subspace XM and its complement X⊥
M to obtain

ΠM (HM − λ)φM = −ΠMV φ
⊥
M , (2.3.8)

Π⊥
M (H⊥

M − λ)φ⊥
M = −Π⊥

MV φM , (2.3.9)

where H⊥
M := Π⊥

MHΠ⊥
M . This system is just the block decomposition of the eigenvalue prob-

lem (2.3.7) on XM and X⊥
M . Thus for λ < κM , where κM is such that H⊥

M ≥ κM on RanΠ⊥
M ,

the operator H⊥
M − λ is invertible and we can solve (2.3.9) for φ⊥

M and thus φ⊥
M = −(H⊥

M −
λ)−1Π⊥

MV φM . Substituting the result into (2.3.8), we obtain the non-linear eigenvalue problem
(
HM + UM (λ)

)
φM = λφM , (2.3.10)

where we introduced the effective interaction UM (λ) : XM → XM , or a Schur complement,

UM (λ) := −ΠMV Π⊥
M (H⊥

M − λ)−1Π⊥
MV ΠM . (2.3.11)

Having shown that the Schur complement is well-defined for λ < κM , we can, as in the
standard perturbation setting, use a Neumann expansion of the resolvent (H⊥

M − λ)−1
|RanΠ⊥

M

=

(−∆+ V ⊥
M − λ)−1

|RanΠ⊥
M

in (2.3.11) in the formal Neumann series in V ⊥
M := Π⊥

MV Π⊥
M .

In our contributions, we then truncate this series at K ∈ N and replace the projections
Π⊥
M = id−ΠM by ΠNM := ΠN − ΠM , with N > M . Introducing the notation

GN
M (λ) := (−∆− λ)|−1

RanΠNM
, (2.3.12)

and V N
M := ΠNMV ΠNM , we obtain the following truncated effective interaction

Uσ(λ) := −ΠMV ΠNMRσ(λ)Π
N
MV ΠM , (2.3.13)

where σ := (N,M,K) and Rσ(λ) :=
∑K

k=0(−1)k
[
GN
M (λ)V N

M

]k
GN
M (λ). Since all the operators

involved in (2.3.13) are finite matrices, this family is well-defined and computable. Now, we
define Hσ(λ) := HM + Uσ(λ) on XM and consider the eigenvalue problem: find an eigenvalue
λσi and the corresponding eigenfunctions φσi ∈ XM such that

Hσ(λσi)φσi = λσiφσi. (2.3.14)

We need one additional definition which is the ‘lifting’ operator defined as

Qσ(λ) := id−Rσ(λ)Π
N
MV ΠM . (2.3.15)

Our main results are a priori error estimates for the approximation error of the eigenvalue and
eigenfunction. Indeed we quantify the error introduced due to the discretization parameters
σ = (N,M,K), see [A21, Theorem 1].
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Theorem 2.3.3. Let λ⋆ be an isolated eigenvalue of H of finite multiplicity m, with eigen-
functions φi, and let δ0 denote the gap between λ⋆ and the rest of the spectrum of H.

Then, there exists α > 0 and M0 ∈ N such that for N ≥M ≥M0, problem (2.3.14) has m
solutions (φσi, λσi) ∈ XM × [λ⋆ − δ0

2 , λ⋆ +
δ0
2 ] approximating (φi, λ⋆) in the following sense:

|λ−λσi| ≲ (λ⋆ + α)
∥V ∥2r
αr

ε(σ, r, V ), (2.3.16)

∥φi −Qσ(λσi)φσi∥ ≲ ∥V ∥r
[
1 +

λ◦
δ0

∥V ∥r
αr

]
ε(σ, r, V ), (2.3.17)

where λ◦ = λ+δ0 + α and

ε(σ, r, V ) := ρ−r
N + ρ−r

M

[
4ρ−r

M ∥V ∥r
]K+1

.

In the considered setting, ε is equivalent to

ε(σ, r, V ) ≈ N−2r +M−2r
[
4
(

L
2π

)2r
M−2r∥V ∥r

]K+1
,

where the equivalence constants do not depend on the parameters σ = (N,M,K), r, α, V .
This indeed provides an a priori error bound of both the eigenvalue and the eigenvector error.
Naturally convergence of the eigenvalues and the eigenfunctions can be achieved by taking the
limit K,N → ∞ for fixed M ≥M0. But in practice, the idea is to set N large enough so that
the error is dominated by the error introduced in K < +∞.

Further, note that the eigenvalue and eigenvector errors have the same rate of convergence
with respect to K. However, the error in the eigenvector depends on the gap δ0 while the error
in the eigenvalue does not. This is to be compared with the a posteriori estimates of [A10]
presented in Section 2.2.2 where both the eigenvalue and eigenvector errors depend on the gap,
except in the regular enough case where asympotically the error does not depend on the gap
(see (2.2.6) for the eigenvalues).

The estimate with respect to N in Theorem 2.3.3 is not sharp in all cases, in particular for
sufficiently regular potentials V , but holds for low regularities of the potential where standard
a priori convergence results of the variational approximation approximation results of the
variational approximation result do not hold. Note that in the low-regularity setting a posteriori
error estimates cannot be derived using the approach presented in Section 2.2.2.

To conclude, perturbation methods are powerful tools in the analysis of eigenvalue problems
and can be adapted and extended in various ways. In general, the error estimates that are
derived in this context are a priori error estimates: they provide with convergence rates, but
do not give guaranteed error estimates as derived in the previous sections. However this can
be useful anyway to accelerate calculations, such as by providing improved solutions at low
computational cost. Indeed one possibility is to perform a simulation in a low-dimensional
space, and then to improve the solution in a finer basis using perturbative arguments, similarly
in spirit to two-grid or multigrid methods used in finite elements simulations [149, 78, 35].

2.4 Perspectives

I would now like to mention some research perspectives linked to a posteriori error estimation
and efficient calculations.

• Localized basis sets General a posteriori error estimates remain to be developed for
localized basis sets. First, one could extend what has been done in [A16] to clusters
of eigenvalues, as well as quantities of interest, and for nonlinear problems. Another
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important consideration is how to perform efficient 3D calculations for atomic systems,
and how to obtain optimized basis sets. A logical starting point would be to consider
basis sets available in the literature, before optimizing them and providing better atomic
basis sets, which, moreover, would be compatible with the a posteriori analysis.

• Non-gapped systems The presented estimates rely on the assumption that there exists
a spectral gap between the eigenvalues of interest and the rest of the spectrum. However
this assumption does not always hold, especially for metallic systems. In such cases, it
may be possible to rely on a further gap in the spectrum, i.e. between higher eigenvalues.
Computing a larger number of eigenvalues is indeed what is done in practice to compute
the electronic structure of metals. But one could also consider smearing, which consists
of adding temperature to the system, in order to introduce a gap, at the price of making
some approximation, which would then have to be estimated.

• Guaranteed bounds for nonconvex functionals Often when considering noncon-
vex problems, only local error bounds can be obtained using standard methods, such
as the Newton–Kantorovitch theorem. It would be interesting to determine whether
global bounds can also be obtained. Although such error bounds seem out of reach for
generic functionals, it may be possible to obtain bounds for specific exchange-correlation
functionals, such as when using the local density approximation exchange-correlation
functional, which is close to be convex.

• Band-spectrum guarantee and k-point sampling For materials systems, we have
only focused on single k-points calculations. However, the band-spectrum corresponds
to the map k 7→ (λk,i)i. In practice, the Brillouin zone is sampled at a few points and
the band spectrum is extrapolated from the calculation at these few points. Quantities
of interest are calculated using quadrature rules. It would be useful to provide an a
posteriori analysis in this context, for which an a priori estimation is available in [37].
We could therefore obtain a fully guaranteed band spectrum, and from there obtain
guaranteed quantities of interest such as the density of states. With such bounds in
hand, we could develop adaptive k-point quadrature rules, in order to obtain optimized
grids at low computational cost. In this direction, see e.g. [22].

• Efficient calculations Another useful outcome of the error bounds is to allow for param-
eter optimization in order to reach a target accuracy at a minimal computational cost.
For this, practical optimized strategies remain to be developed. Indeed as mentioned
in [147], it seems that natural strategies do not always lead to the best compromise. A
second step would be to incorporate such strategies in quantum chemsitry codes to max-
imize their use, starting with freely available codes, such as the plane-wave DFT code
DFTK.jl [79], before moving to commercial codes for which accessing the functions is
more difficult.

• Extensions of multipoint perturbation So far the multipoint perturbation has been
proposed for linear eigenvalue problems, and single eigenvalues. Extending this work
to multiple eigenvalues should not be too difficult, as long as there is a gap between
the considered eigenvalues and the remainder of the spectrum. Extending this work to
nonlinear eigenvalue problems and especially electronic structure equations may be more
involved but would be very interesting. It may help theoretically understanding how to
optimize the approximation of a density matrix with nearby points.



Chapter 3

Optimal transport distances adapted
to electronic structure calculations

Originally introduced by Monge in [109] to study the problem of efficiently moving a pile of sand
to cover a sinkhole, optimal transport has since been widely developed, and found applications
across a broad range of fields, from imaging [123, 49], data science [139, 42], model order
reduction techniques [55], to tomographic reconstruction [3]. Applications of optimal transport
to electronic structure calculations have been so far rather limited. A few works are concerned
with strongly correlated systems where the considered partial differential equation can be recast
as a multimarginal optimal transport problem with Coulomb cost instead of the usual quadratic
cost [46]. Different numerical methods have been developed for this problem [23, 5, 64].

My research takes a different angle. I am interested in exploiting a very nice feature of
Wasserstein barycenters: they provide a way to interpolate between probability measures.
These interpolations seem well suited for electronic structure calculations, since electronic den-
sities are probability measures that, moreover, behave smoothly when the nuclei coordinates R
change. There are, however, at least two limitations for the Wasserstein barycenters to be
used in electronic structure calculations. First the computational cost of standard Wasser-
stein barycenters is high in general, and scales badly with the dimension of the physical space,
even using regularization techniques such as the Sinkhorn algorithm [117]. Second the elec-
tronic density satisfies some structural properties (e.g. symmetry, regularity) that Wasserstein
barycenters do not preserve in general. My main goal in this direction is to propose modified
Wasserstein distances which are (i) numerically efficient to compute – meaning that the com-
putation complexity of the barycenter should be independent of the physical space dimension
d, and (ii) respect given constraints. These distances will be used in Chapter 4 to build efficient
nonlinear reduced order models as the one presented in [S1].

3.1 Wasserstein distance and barycenters

We first provide with the necessary tools related to optimal transport, such as Wasserstein
metric and barycenters, see for instance [144, 130, 117, 63] for references. Let Ω ⊂ Rd for
d ∈ N be a Borelian set. We denote by P(Ω) the set of probability measures on Ω.

45
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3.1.1 Wasserstein distance

The 2-Wasserstein distance is defined on the set of probability measures with finite second-order
moments denoted by P2(Ω) as

W2(µ0, µ1) := inf
π∈Π(µ0,µ1)

(∫

Ω×Ω
∥x− y∥2 dπ(x, y)

)1/2

, (3.1.1)

where Π(µ0, µ1) denotes the set of measures on Ω × Ω with marginals µ0 and µ1, also called
the set of transport plans between µ0 and µ1. The space P2(Ω) endowed with the distance W2

is a metric space, usually called L2-Wasserstein space (see [144] for more details). From [130,
Theorem 1.17], there exists a unique optimal transport plan solution of the minimization prob-
lem (3.1.1) denoted by π in the sequel, provided that µ0 is absolutely continuous with respect
to the Lebesgue measure. Also, the optimal transport plan π has the following form

π = (Id, T )#µ0,

where T : Ω → Ω is an application called the optimal transport map and satisfying T#µ0 = µ1.
Here, we denote by T#µ the push-forward measure of a measure µ on Ω by a map T : Ω → Ω,
that is the measure ν on Ω such that ∀A ⊂ Ω, T#µ(A) = µ(T−1(A)). If µ0 admits a density
the optimal transport plan takes the form

∀(x, y) ∈ Ω2, π(x, y) = δy=T (x)µ0(x).

The path (µt)t∈[0,1] given by

∀t ∈ [0, 1], µt = Pt#π = ((1− t)Id + tT )#µ0, ∀(x, y) ∈ Ω2, Pt(x, y) := (1− t)x+ ty,

defines a constant speed geodesic in P2(Ω) between µ0 and µ1. The path (µt)t∈[0,1] is called
the McCahn interpolation between µ0 and µ1 [106]. It can be shown that for all t ∈ [0, 1], µt
can be equivalently expressed as the unique solution to the following minimization problem

µt := argmin
µ∈P2(Ω)

(1− t)W 2
2 (µ, µ0) + tW 2

2 (µ, µ1). (3.1.2)

3.1.2 Wasserstein barycenters

We next introduce the notion of barycenters in the Wasserstein space [4] which can be seen as
an extension of the McCahn interpolation to a family of more than two measures. Let n ∈ N∗

and let

Λn :=

{
t := (t1, · · · , tn) ∈ [0, 1]n,

n∑

i=1

ti = 1

}

be the probability simplex of dimension n − 1. For any family of probability measures µ =
(µi)1≤i≤n ∈ (P2(Ω))

n and barycentric weights t = (ti)1≤i≤n ∈ Λn, if one of the measures µi
has a density, there exists a unique minimizer to the problem

inf
µ∈P2(Ω)

n∑

i=1

tiW2(µ, µi)
2, (3.1.3)

which is the barycenter of the family of measures µ with barycentric weights t. The solutions of
the barycenter problem are, moreover, related to the solutions of the following multi-marginal
optimal transport problem [65]

W2(µ1, . . . , µn)
2 := inf

π∈Π(µ1,...,µn)

∫

Ωn

1

2

n∑

i,j=1

titj∥xi − xj∥2 dπ(x1, . . . , xn), (3.1.4)
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where Π(µ1, . . . , µn) denotes the set of probability measures on Ωn having µ1, . . . , µn as margi-
nals. In particular, if Ω is a convex set and if (3.1.4) has a unique solution π∗, there exists a
unique solution ρ∗ to (3.1.3) given by ρ∗ = B#π∗, with B : Ωn → Ω defined by B(x1, . . . , xn) :=∑n

i=1 tixi for all (x1, . . . , xn) ∈ Ωn, and the infima of (3.1.3) and (3.1.4) are equal. We denote
the Wasserstein barycenter by

BartW2
(µ).

In general, computing the Wasserstein distance or Wasserstein barycenter between a family
of measures is numerically demanding, especially when the number of measures is even mod-
erately large. Indeed solving (3.1.4) with n measures discretized on grids with N points per
dimension d requires to solve a linear programming problem of size nNd which becomes quickly
unfeasible in practice. As a result, the computational cost may render interpolation between
electronic densities unfeasible. Fortunately, there are a few cases in which the computation of
Wasserstein distance and barycenters is explicit or easy to compute. We now present the case
of one-dimensional probability measures, and the case of measures based on translations and
dilations of a reference measure (e.g. a Gaussian).

3.1.3 One-dimensional case

For one-dimensional distributions, we denote the cumulative distribution function (cdf) of an
element u ∈ P2(R) defined by

cdfu : x ∈ R 7−→
∫ x

−∞
d[u],

and the inverse cumulative distribution function (icdf) defined as the generalized inverse of the
cdf

icdfu : s ∈ [0, 1] 7−→ cdf−1
u := inf{x ∈ R, cdfu(x) > s}.

Then, for any (u, v) ∈ P2(R)2, there holds

W2(u, v) = ∥icdfu − icdfv∥L2([0,1]), (3.1.5)

and for any set of barycentric weights t := (t1, . . . , tn) and u := (u1, . . . , un), the icdf of the
barycenter BartW2

(u) satisfies

icdfBartW2
(u) =

n∑

i=1

tiicdfui .

Wasserstein distance and barycenters are therefore easy to compute in this case. After the
nonlinear transformation of considering the icdf, the Wasserstein distance can be computed as
a standard L2-norm. Unfortunately this property is specific to the one-dimensional case.

3.1.4 Location-scatter distributions

In dimension d ∈ N, we consider the set of location-scatter distributions consisting of a reference
measure that is translated and dilated (see [63]) that are called location-scatter measures [6].
E.g. taking a Gaussian measure as a reference, we obtain the set of Gaussian distributions.
These distributions are characterized by a center m ∈ Rd and a covariance matrix Σ ∈ S+,∗,
with S+,∗ the set of symmetric positive definite matrices of Rd×d.

For example, for any m ∈ Rd and Σ ∈ S+,∗, the (normalized) Gaussian distribution gm,Σ ∈
P2(Rd) is defined by

gm,Σ( dx) = Gm,Σ(x) dx,



48 Optimal transport distances adapted to electronic structure calculations

where
∀x ∈ Rd, Gm,Σ(x) :=

1

(2π)d/2
√
detΣ

exp
(
(x−m)TΣ−1(x−m)

)
. (3.1.6)

For any m0,m1 ∈ Rd and Σ0,Σ1 ∈ S+,∗, denoting by g0 := gm0,Σ0 and g1 := gm1,Σ1 , the
Wasserstein distance is given by

W 2
2 (g0, g1) = ∥m0 −m1∥2 +Tr

(
Σ0 +Σ1 − 2

(
Σ
1/2
0 Σ1Σ

1/2
0

)1/2)
. (3.1.7)

Moreover the Wasserstein barycenter between n Gaussian measures is also a Gaussian measure.
Precisely, for t = (ti)1≤i≤n ∈ Λn, the unique minimizer of (3.1.3) is given by

gt( dx) = Gmt,Σt(x) dx, (3.1.8)

where mt and Σt satisfy

mt =
n∑

i=1

timi, Σt =
n∑

i=1

ti

(
Σ
1/2
t ΣiΣ

1/2
t

)1/2
. (3.1.9)

This means that the mean of the barycenter is the (euclidean) barycenter of the means, and
the covariance matrix satisfies a fixed-point equation. Insights behind this formula can be
found in [4, 6]. In practice, this equation can easily be solved with an iterative algorithm. The
formulas are identical for other reference measures, only (3.1.6) which contains the reference
measure has to be adapted.

This is another important case where explicit formulas are available for both the Wasser-
stein distance and its barycenters. Interestingly, the computational cost of determining the
barycenters does not scale poorly with the physical space dimension d.

3.2 Modified Wasserstein distances using mixtures of location-
scatter measures

Location-scatter measures are particularly appealing due to their explicit formulas for the
Wasserstein distance and barycenters; however, they do not cover a sufficiently large space for
most practical applications. A natural extension consists in considering mixtures of location-
scatter measures. Indeed any regular-enough measure can be well approximated as a mixture
of such measures. The reference measure is called below an atom. In the literature, the chosen
atoms are often Gaussians. For example, a modified Wasserstein distance has been proposed
for Gaussian mixtures in [41, 49]. For electronic structure problems other atoms may be better
suited. We therefore extended the Gaussian mixture distance to a larger setting of general
location-scatter measures in [S2], and we summarize here the main findings: sufficient condi-
tions on the densities constituting the mixtures and the definition of the modified Wasserstein
distance on mixtures to define a metric and geodesic space.

3.2.1 Mixture distance and barycenters

We start by providing a generic definition of mixtures.

Definition 3.2.1 (A-mixture). Let A be a subset of P2(Ω), called dictionary of atoms hereafter.
We denote by M(A) the set of finite mixtures of atoms A, i.e. the set of probability measures
µ of P(Ω) such that there exists K ∈ N∗, a := (a1, . . . , aK) ∈ AK and λ := (λ1, . . . , λK) ∈ ΛK

such that

µ =

K∑

k=1

λkak.
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A natural example of dictionary of atoms is the set of non-degenerate Gaussian measures

Ad
g :=

{
gm,Σ, m ∈ Rd, Σ ∈ S+,∗

}
,

which is the set M(Ad
g) of finite Gaussian mixtures of dimension d. In order to define a distance

on the set of mixtures as well as establish many properties on the space of mixtures which we
study in the sequel, we introduce a map δ : A×A→ R+, which needs to satisfy the following
assumption.

Assumption 3.2.2. The application δ : A × A → R+ defines a metric on A and (A, δ) is a
geodesic space.

We then define the following mixture distance, for simplicity as an analog of theW2 distance.
It can easily be extended to p-distances.

Definition 3.2.3 (Mixture distance). Let A ⊂ P(Ω) be a dictionary of atoms, and let δ :
A × A → R+ be a metric on A. We define the application δM : M(A) × M(A) → R+ as
follows: for all µ0 =

∑J
j=1 λ

j
0a

j
0 ∈ M(A) and µ1 =

∑K
k=1 λ

k
1a

k
1 ∈ M(A),

δM(µ0, µ1)
2 := min

w:=(wjk)1≤j≤J,
1≤k≤K

∈Π(Λ0,Λ1)

J∑

j=1

K∑

k=1

wjkδ
2(aj0, a

k
1), (3.2.1)

with Π(Λ0,Λ1) :=

{
w := (wjk)1≤j≤J,

1≤k≤K
∈ RJ×K

+ ,

∀1 ≤ j ≤ J,

K∑

k=1

wjk = λj0, ∀1 ≤ k ≤ K,

J∑

j=1

wjk = λk1

}
.

Roughly speaking, this distance consists solving a discrete transport problem where the
ground cost is modified from the Euclidean distance on positions of Dirac measures ∥xi − xj∥
to δ-distances on atoms. This distance is easily computable if the δ-distances can be efficiently
computed, which is the case if location-scatter measures are considered for the atoms. When
the atom distance is the 2-Wasserstein distance, we denote the mixture distance by MW2.

In [A16], we have proved that if δ : A × A → R+ defines a metric, the application δM
defines a metric on the set of A-mixtures M(A), as a simple extension of [49] in the Gaussian
case. The computational cost of the distance is very low if the mixtures contain only a few
elements, which we expect to be the case for electronic structure calculations.

As shown in [49] this distance can be written as a continuous optimal transport problem
similar to the Kantorovitch formulation, where the transport plans are restricted to mixtures
of transport plans for the atoms. This property is valid under two main assumptions. The
first one is that there indeed exist transport plans between any two elements in the atoms set.
This assumption is e.g. satisfied for the cost function ∥x − y∥ and atoms that are absolutely
continuous measures with respect to the Lebesgue measure. The second assumption is that
the set of mixtures is identifiable, which means that if two mixtures are equal, then their
components are all equal. A classical example of identifiable mixtures is the set of Gaussian
mixtures, see e.g. [49, Appendix].

A similar result can be obtained for a mixture multimarginal problem under the same two
assumptions, which leads to a definition of mixture Wasserstein barycenters.
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(a) t = 0 (b) t = 0.25 (c) t = 0.5 (d) t = 0.75 (e) t = 1

Figure 3.1: Wasserstein barycenters between two mixtures of Slater-type
elliptical distributions for the W2 metric (blue) and the W2,M metric (red).

Proposition 3.2.1 (Mixture barycenter). Under the existence of multi-marginal transport
plans, the mixture multi-marginal problem can be considered as

(
δtQ,M(µ1, . . . , µQ)

)2
= inf
w∈Π(λ1,...,λQ)

K1,K2,...,KQ∑

k1,k2,...,kQ=1

wk1,k2,...,kQ

(
δtQ,A(a

k1
1 , a

k2
2 , . . . , a

kQ
Q )
)2
, (3.2.2)

with Π(λ1, . . . ,λQ) :=

{
w ∈ RK1×...×KQ

+ ,

∀1 ≤ q ≤ Q, ∀1 ≤ kq ≤ Kq,

K1,...,Kq−1,Kq+1,...,KQ∑

k1,...,kq−1,kq+1,...,kQ=1

wk1,...,kQ = λ
kq
q

}
.

Moreover, any barycenter of (µ1, . . . , µQ) with barycentric weights t can be written as

BartMW2
(µ1, . . . , µQ) =

∑

k∈K
w∗
k(t) Bar

t
MW2

(ak11 , . . . , a
kQ
Q ), (3.2.3)

where BartW2
(ak11 , . . . , a

kQ
Q ) is the barycenter of (ak11 , . . . , a

kQ
Q ) with barycentric weights t. Fi-

nally, any solution (w∗
k(t))k∈K to (3.2.2) contains at most K1+K2+ . . .+KQ−Q+1 nonzeros

components.

This means that modified mixture barycenters can be expressed as convex combinations of
barycenters between atoms, which, at least in the case of location-scatter measures with few
components, can be very efficiently computed. The mixture barycenter is computed through
the resolution of a modified multi-marginal problem, where the ground cost is replaced by the
multimarginal cost on atoms. A particularly interesting aspect is that the dimensionality of
the problem scales with the number of atoms per mixture, rather than with the ambient spatial
dimension.

On top of defining mixtures barycenters based on atoms that are location-scatter measures,
the framework is general enough to consider symmetry-adapted atoms when the considered
measures satisfy some invariance property. A simple one-dimensional example is to consider
even functions. In this case, the atoms can be taken as a sum of two location-scatter measures
a(x)+a(−x). This corresponds to a symmetrization over the group action. The atom measure
δ and similarly the atom barycenters are in this case computed as simple mixture barycenters.

3.2.2 Examples

In [S2], we provided numerical results showing how these mixture Wasserstein barycenters be-
have. For example, in Figure 3.1 we plot the mixture Wasserstein barycenters and compare
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(a) t = 0 (b) t = 0.25 (c) t = 0.5 (d) t = 0.75 (e) t = 1

Figure 3.2: Contour plots of W2,M (top) and W2 (bottom) barycenters
between two mixtures of Slater-type elliptic distributions.

(a) t = 0 (b) t = 0.25 (c) t = 0.5 (d) t = 0.75 (e) t = 1

Figure 3.3: Wasserstein barycenters between two mixtures of symmetric
Slater distributions for the W2 metric (blue) and the W2,M metric (red)

them with the true Wasserstein barycenters for Slater-type mixture distributions. The modified
barycenter, on top of being way cheaper to compute, keeps the structure of a convex combi-
nation of Slater functions. We are therefore now very close to the needed interpolations in the
context of the toy problem that will be presented in Chapter 4 (see (4.3.1)). We present in
Figure 3.2 a comparison between mixture barycenters and the corresponding true Wasserstein
barycenters for a two-dimensional case. Interestingly, the computational cost of the 2d mixture
barycenter is almost the same as in the 1d case, whereas it is approximately squared for the
true Wasserstein barycenter.

We illustrate the symmetric mixture barycenters in Figures 3.3 and 3.4 respectively in one
dimension and two dimensions. In the 2D case, we consider functions satisfying f(x, y) =
f(y, x) for any x, y. The chosen definition imposes the modified Wasserstein barycenter to sat-
isfy this symmetry property. This is of importance if one wants e.g. to compute interpolations

(a) t = 0 (b) t = 0.25 (c) t = 0.5 (d) t = 0.75 (e) t = 1

Figure 3.4: Contour plots of W2,M (top) and W2 (bottom) barycenters
between two mixtures of symmetric Gaussian distributions.
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between pair densities ρ2,R which satisfy this property.

3.3 Marginal-constrained modified Wasserstein barycenters

Beyond the symmetry ρ2,R(x, y) = ρ2,R(y, x) for all x, y, another type of constraint matters
for the pair densities: the two marginal of the pair density are the electronic density. Indeed
from (1.1.9) there holds

∀x ∈ R3,

∫
ρ2,R(x, y)dy = ρR(x), and ∀y ∈ R3,

∫
ρ2,R(x, y)dx = ρR(y).

Unfortunately this is not satisfied in general for Wasserstein barycenters, as shown in [A13].
For applications, we want to define interpolations of pair densities with compatible densities.
In [A13], we therefore addressed this problem, first in the case of Gaussian distributions, before
defining a modified barycenter satisfying the marginal constraints for mixtures. This opens the
way of interpolating between pair densities with exact marginals. The main aspects of this
contribution are detailed below.

3.3.1 Marginal-constrained barycenters for Gaussian distributions

For the presentation we assume that the total dimension of the space is n = nx + ny for
some nx, ny ∈ N∗, so that Rn = Rnx × Rny . In the case of three-dimensional pair densities,
nx = ny = 3, and so n = 6. For a given probability measure ρ ∈ P2(Rnx ×Rny), we will denote
by margx(ρ) ∈ P2(Rnx) the first marginal of ρ and by margy(ρ) ∈ P2(Rny) its second marginal.
Unlike for pair densities, the two marginal do not have to match in general. More precisely,

dmargx(ρ)(x) =

∫

y∈Rny

dρ(x, y) and dmargy(ρ)(y) =

∫

x∈Rnx

dρ(x, y).

If ρ = N (µ, S) with µ = (µx, µy) for some µx ∈ Rnx and µy ∈ Rny , and S ∈ Snx+ny

+,∗ written as

a block matrix as S =

(
Sx Sxy
S⊺
xy Sy

)
with Sx ∈ Snx

+,∗, Sy ∈ Sny

+,∗ and Sxy ∈ Rnx×ny , it holds

that
margx(ρ) = N (µx, Sx) and margy(ρ) = N (µy, Sy).

We therefore consider the optimization problem of finding the distribution ρ = N (µ, S) mini-
mizing the Wasserstein distance between a given Gaussian distribution ρref = N (µref , Sref) and
a Gaussian distribution that satisfies marginal constraints:

margx(ρ) = N (µx, Sx) and margy(ρ) = N (µy, Sy).

A partial answer is that due to the marginal constraints

µ =

(
µx
µy

)
, S =

(
Sx Z
ZT Sy

)
, (3.3.1)

for some matrix Z ∈ Rnx×ny . Interestingly the solution to the considered optimization problem
is unique and can be expressed using the extra definition of the geometric matrix mean [25]
between two matrices S and T , defined as the matrix

S#T := S1/2
(
S1/2T−1S1/2

)−1/2
S1/2. (3.3.2)

The full result reads as follows.
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Figure 3.5: Top row: A rotating Gaussian distribution. Middle row: Ap-
proximation using a Wasserstein barycenter between the leftmost and right-
most Gaussians with barycentric parameters 0, 0.25, 0.5, 0.75, 1. Bottom
row: Approximation using a marginal-constrained Wasserstein barycenter
between the leftmost and rightmost Gaussians with barycentric parameters
0., 0.25, 0.5, 0.75, 1. The indicated errors correspond to L2-norms between the
considered Gaussian and the corresponding Gaussian on the top row.

Theorem 3.3.1. Let nx, ny ∈ N∗ and let S, T ∈ Snx+ny

+,∗ with block decomposition

S =

(
Sx Sxy
S⊺
xy Sy

)
and T =

(
Tx Txy
T ⊺
xy Ty

)
, (3.3.3)

with Sx, Tx ∈ Snx
+,∗, Sy, Ty ∈ Sny

+,∗ and Sxy, Txy ∈ Rnx×ny . Let

∀Z ∈ CTx,Ty :=
{
Z ∈ Rnx×ny , ∥(

√
Tx)

−1Z(
√
Ty)

−1∥2 < 1
}
, T (Z) :=

(
Tx Z
Z⊺ Ty

)
. (3.3.4)

The function F defined as the Bures–Wasserstein metric W2 between S and T (Z)

F : CTx,Ty ∋ Z 7−→ W2(S, T (Z))
2 = Tr

(
S + T (Z)− 2

√√
ST (Z)

√
S

)
(3.3.5)

is strictly convex. Moreover, the minimization problem

Z∗
S,T ∈ argmin

Z∈CTx,Ty

W2
2 (S, T (Z)), (3.3.6)

has a unique minimizer which is given by

Z∗
S,T = (Sx

−1#Tx)Sxy(Sy
−1#Ty). (3.3.7)

Combining (3.3.1) and (3.3.7) and choosing as the reference covariance matrix the covari-
ance matrix of a Wasserstein barycenter between given distributions, we compute a modified
barycenter that exactly satisfies the marginal constraints. Numerically, this amounts to find
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the true Wasserstein barycenter of the nx + ny-dimensional Gaussians and then postprocess
this barycenter to satisfy the marginal constraints.

Such a procedure is useful in at least two cases: (i) when the distributions translate but
not at constant speed, and (ii) when the distributions rotate. We provide in Figure 3.5 an
example of a rotating Gaussian, and show how using the information of the marginals improves
the error compared to a classical Wasserstein barycenter between the leftmost and rightmost
distributions.

3.3.2 Marginal-constrained barycenters for Gaussian mixtures

We now extend this notion of marginal-constrained barycenter to the case of Gaussian mixtures.
Let us assume that the marginals we wish to impose in the constraints are given as Gaussian
mixtures under the following form:

σx =

K∑

k=1

αk
xN (µkx, S

k
x) and σy =

L∑

n=1

βnyN (µny , S
n
y ),

for some K,L ∈ N∗, αx := (αk
x)1≤k≤K ∈ ΛK , βy := (βny )1≤n≤L ∈ ΛL. In addition, for all

1 ≤ k ≤ K, µkx ∈ Rnx and Sk
x ∈ Snx

+,∗, and for all 1 ≤ n ≤ L, µny ∈ Rny and Sn
y ∈ Sny

+,∗.
We first write the modified Wasserstein barycenter ρ as a mixture of Gaussians. We then

characterize the set of mixtures having given marginals σx, and σy. We write down an opti-
mization problem: we minimize the Wasserstein distance between a reference density ρref and
the set of densities satisfying the marginal constraints. Unfortunately this yields a too com-
plex optimization problem. Therefore we select a subset of the densities satisfying marginal
constraints based on previously defined modified individual Gaussian distributions satisfying
marginal constraints. Expressing the optimization problem over this smaller set renders its
resolution computationally feasible, and numerically requires the resolution of an additional
linear programming problem of reasonable size.

Numerically, the results are very satisfactory. We first present results the approximation
of solutions of a Fokker–Planck equation. We consider the advection-diffusion equation in two
dimensions which reads: for t ∈ (0, 1) and x ∈ R2, find ψ ∈ L1((0, 1);R2) satisfying

∂ψ

∂t
= −∇ · (Axψ) +D∆ψ.

with D > 0 and A = ω

(
0 −1
1 0

)
, ω ∈ R. In the simulations, we took D = 0.1 and ω = 1. If

the initial condition is a Gaussian distribution N (r0,Σ0) that is

ψ(x, 0) =
1

2π
√
det(Σ0)

exp

(
−1

2
(x− r0)

⊤Σ−1
0 (x− r0)

)
,

then the unique solution of the equation is known and reads at each time t with

r(t) = R(t)r0,

R(t) =

(
cos(ωt) − sin(ωt)
sin(ωt) cos(ωt)

)
,

and
Σ(t) = R(t)TΣ0R(t) + 2DtI.

Since the Fokker–Planck equation is linear, the solution of this equation can be analytically
obtained as soon as initial conditions are taken as Gaussian mixtures. In the numerical tests
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Figure 3.6: Top row: Five snapshots of the time evolution of the solution
of a Fokker–Planck equation with an initial solution being a convex combi-
nation of two Gaussians. Middle row: Approximation using a Wasserstein
barycenter between the leftmost and rightmost solutions with barycentric pa-
rameters 0., 0.25, 0.5, 0.75, 1.. Bottom row: Approximation using a marginal-
constrained Wasserstein barycenter between the leftmost and rightmost solu-
tions with barycentric parameters 0., 0.25, 0.5, 0.75, 1.. The indicated errors
correspond to L2-norms between the considered solution and the correspond-
ing reference solution on the top row.

presented below, we take for initial condition a convex combination of two equally weighted

Gaussians: N
((

0
0

)
,

(
2 1
1 2

))
and N

((
−3
3

)
,

(
0.5 0
0 3

))
. We compute the solution at times

t = 0, 0.25, 0.5, 0.75, 1. The corresponding distributions are shown on the top row of Figure 3.6.
We then interpolate between the times t = 0 and t = 1 using two different methods. On the
middle row of Figure 3.6, we compute the Wasserstein barycenter between the solutions at t = 0
and t = 1 with barycentric weights corresponding to time instants equal to 0, 0.25, 0.5, 0.75, 1.
We then plot on the bottom row of Figure 3.6 the barycenter obtained with the same weights
but imposing the marginal constraints. We observe that the approximations are more accurate
with the latter.

For electronic structure problems, and in particular the approximation of the pair density
ρ2,R for varying R’s, we tested this approach. We first computed solutions to the electronic
Schrödinger equation with 3 electrons using a finite-element discretization performed with the
Julia package SchrodingerFE.jl [122]. Here an extra fitting step is needed since the pair density
is not given as a Gaussian mixture. Therefore we first fit the finite element solutions with 30
Gaussians, and impose the symmetry with respect to the exchange of the variables x and y. The
exact pair densities and corresponding Gaussian mixture approximations are respectively given
on the first and second row of Figure 3.7. Once again we observe that the approximations given
by standard Wasserstein barycenters (third row of Figure 3.7) are cruder than the marginal-
constrained Wasserstein barycenters (fourth row). As a side remark, the fit that is done with
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Figure 3.7: Top row: Five snapshots of the time evolution of the solution of
a parametrized Schrödinger equation. Second row: Fitting of the solutions
with Gaussian mixtures. L2-error is with respect to first row. Third row:
Approximation of the Gaussian mixture fit using a Wasserstein barycenter
between the leftmost and rightmost mixture fits with barycentric parameters
0., 0.25, 0.5, 0.75, 1.. L2-errors are with respect to second row. Fourth row:
Approximation of the Gaussian mixture fit using a marginal-constrained
Wasserstein barycenter between the leftmost and rightmost solutions with
barycentric parameters 0., 0.25, 0.5, 0.75, 1. Indicated L2-errors are with re-
spect to second row.

the standard method in Scikitlearn does not give accurate results.
To conclude it is possible to define modified Wasserstein distances with two appealing prop-

erties: they satisfy given constraints (symmetry, marginal, regularity), and the computational
cost of both the proposed distances and barycenters remain low, and more importantly inde-
pendent of the dimension of the physical space. This is extremely encouraging for applications
in electronic structure calculations, as will be presented in the Chapter 4 when used in the
context of nonlinear reduced order modeling.

3.4 Perspectives

I now mention perspectives related to optimal transport, and the construction of distances
tailored for electronic structure calculations.
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• Quantum optimal transport The natural output of quantum chemistry codes is the
density matrix, as indicated in Chapter 1. It would therefore be interesting to provide
with interpolation techniques on density matrices relying on a distance designed for them,
while keeping similarities to the Wasserstein distance. To do so the recently developed
Quantum Optimal Transport (QOT) [68, 45] should provide with answers. However the
theory of QOT remains so far limited, and to the best of my knowledge, a metric similar
to the Wasserstein metric is still in progress. Moreover at that point barycenters for
such metrics are still to be developed, which we intend to do. On top of this, it will be
necessary to develop efficient algorithms to compute the barycenters, possibly extending
the Sinkhorn algorithm in the classical optimal transport case to the quantum case [117].
Limiting the computational cost of these quantum barycenters could also be done by
extending recent works on mixtures of Gaussians [49],[S2] to QOT.

• Inverse optimal transport Another perspective would be to optimize the chosen
Wasserstein-like metric, similarly to what is proposed in [8]. If done numerically, this
would yield a metric adapted to the given data which in our case would come from
electronic structure calculations. More generally, it would be interesting to theoretically
understand if one can derive a distance directly from the Schrödinger equation or DFT
equations, similarly to what is done with gradient flows for other equations.

• Gaussian mixture fitting A third perspective is to improve existing algorithms for
providing Gaussian mixture fitting, noting that in our framework, the exact probabil-
ity density is available, while in most of available algorithms, such as the well-known
expectation-minimization algorithm, the probability density is only available through
samples. Another specificity of electronic structure calculations is that the density may
be a linear combination of Gaussians instead of a mixture, i.e. allow for negative coef-
ficients. This is the case when localized Gaussian basis sets are used: some coefficients
in the linear combinations for the orbitals may be negative so that the density written
as a square of the orbitals contains negative coefficients as well. Simply removing these
coefficients does not lead to satisfactory results.





Chapter 4

Nonlinear model order reduction

For a wide range of engineering problems, when a partial differential equation has to be solved
many times for different parameter values, one can resort to model order reduction techniques
such as the reduced basis method [11, 81]. This approach involves identifying representative
snapshots, that is, solutions corresponding to specific parameter values R, to approximate the
manifold of solutions. For a new parameter value, the solution is then approximated within
the vector space spanned by these selected snapshots. The resolution is expected to be efficient
due to the low dimensionality of this so-called reduced space. The accuracy of the approximate
solution largely depends on the geometry of the solution manifold, in particular its “flatness,”
which governs how rapidly the error decreases as the dimension of the reduced space increases.
This behavior is formally described by the Kolmogorov width.

In electronic structure calculations, such traditional linear reduced basis methods do not
work well for several reasons. In some cases, the considered solutions do not belong to vector
spaces, e.g. if one considers density matrices. Second the electronic density is localized around
the positions of the nuclei, a phenomenon that is similar to what happens for transport equa-
tions [55]. This means that linear combinations of electronic densities (or density matrices)
for different parameters R’s are far from looking like an electronic density for different nuclei
positions parameters, at least when the nuclei configurations are not very close.

Recently, many works have proposed reduced order models based on different nonlinear
transformations. We start this chapter by presenting an overview of linear and recent non-
linear model reduction techniques in Section 4.1. We then present in Section 4.2 a series of
contributions [A26, A25, A24] aiming at accelerating ab initio molecular dynamics, by propos-
ing improved initial guesses to the self-consistent field algorithm, which reduces the number of
iterations needed to reach convergence. The method can be seen as a nonlinear reduced order
model, where the non-linearity comes from working on the tangent space of the Grassmann
manifold to which the density matrices belong. In Section 4.3 we present a nonlinear reduced
order model (see [S1]) for a one-dimensional toy problem in electronic structure, which relies
on modified Wasserstein barycenters presented in Chapter 3. In Section 4.4 we present a recent
contribution [A18] for the approximation of the density to pair-density map that relies on an-
other nonlinear transformation closely linked to optimal transport, which is known in statistics
under the name of copulas. Finally, we present research perspectives in Section 4.5.

4.1 Reduced order modeling

For the sake of the presentation, we first describe the context and goal in reduced order model-
ing, before reviewing key aspects of linear (also called projection-based) model order reduction,
and finally presenting extensions to nonlinear model order reduction.

59
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4.1.1 Context and goal

In reduced order modeling, the main goal is to approximate the manifold of solutions

M := {ΦR for R ∈ C} ,

with C the set of possible parameters, and ΦR the solution to the equations of interest. In
the context of quantum chemistry, the set C is the set of nuclei configurations, and ΦR is the
electronic structure of the molecule having R as nuclei positions.

Such a situation arises in many different contexts, such as when exploring or optimizing on
some parameter space. In quantum chemistry, simulations performed for many R′s appear in
several cases, such as ab initio molecular dynamics or in geometry optimization, i.e. where the
problem is to find the geometry of the molecule with total lowest energy. Also, it is important
to note that the training of machine-learned interatomic potentials presented in Chapter 5
often relies on data coming from electronic structure calculations performed for many R’s.

Here we are interested in understanding the structure of the manifold M, and efficiently
approximating elements on this manifold.

4.1.2 Recalling some aspects of linear reduced order modeling

In projection-based reduced order modeling [81], the main idea is to approximate all solutions
in M as linear combinations of basis functions spanning a low-dimensional subspace. The
reduced order modeling is done in two steps. In an offline part, where one can afford expensive
calculations, a small reduced basis is selected (two methods will be presented below). In the
online part, that is when the partial differential equation has to be solved for many parameters
R’s, the solution is approximated on the selected space of low dimension, i.e. the problem is
projected on the offline-selected reduced basis. The solutions computed in the online phase
are therefore elements on this low-dimensional vector space. Hence the linear reduced order
modeling only has a chance to work if any element in M can be well approximated on this low-
dimensional vector space. This property can be linked to the notion of Kolmogorov n-width.

Kolmogorov n-width

The Kolmogorov n-width of a manifold M measures the maximum error made on the best
n-dimensional space approximating it. We provide the definition in the context of a Hilbert
space H, where the Kolmogorov n-width is defined as the quantity

εn(M,H) := inf
Vn⊂H

dimVn=n

sup
R∈C

∥ΨR − PVnΨR∥, (4.1.1)

where PVn denotes the orthogonal projection on the space Vn. The fast decay of this quantity
with respect to n indicates that the projection-based model order reduction has a good chance
to work. Moreover, the faster this quantity decays, the better for the reduced order modeling.

In general, evaluating this quantity precisely is very difficult. However, in some cases, one
can prove a specific decay of the Kolmogorov n-width. A typical example where the Kolmogorov
n-width decays very fast is the case of an elliptic equation

ARΦR = f,

where the operator AR can be decomposed in an affine way as

AR =

Q∑

q=1

θq(R)Aq, for some θq ∈ R, Aq continuous operators.
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In this case the Kolmogorov n-width satisfies for some c > 0,

εn(M,H) ≲ exp
(
−cn1/Q

)
,

i.e. decays exponentially with n, with a factor of 1/Q, where Q is the number of operators in
the affine decomposition (see [43, 114] for more details and a proof of this result).

There are cases where the Kolmogorov n-width decays more slowly. A simple example is
the one-dimensional transport equation where the parameter is denoted by R ∈ [0, 1], and the
considered equation is

{
∂tΨR(t, x) + R∂xΨR(t, x) = 0, x ∈ R, t ∈ R+.
ΨR(0, x) = 1[−1,0]

At t = 1, the solutions are ΦR(t = 1, x) = 1[R−1,R], and it can be proven that the Kolmogorov
n-width for the manifold M := {1[R−1,R], R ∈ [0, 1]} satisfies for some c > 0,

εn(M, L2(Ω)) ≥ cn−1/2,

that is exhibits a very slow decay.

Numerical aspects

In practice, one needs to find an appropriate low-dimensional space on which to project the
problem in the online part. Often, one first assembles a database of accurately computed
solutions for training parameters denoted by Ctrain. Then there are mainly two options to find
the projection space.

The first one is to perform a singular value decomposition of the matrix containing all
training solutions, usually called snapshots, i.e. ΦR,R ∈ Ctrain (called POD for proper or-
thogonal decomposition). The fast decay of the singular values is a good indicator that the
projection-based reduced model will work. Moreover, the first singular vectors provide with
a good reduced basis. The main drawback of this method is that it requires to construct a
potentially large database of accurate solutions.

The second method to construct a reduced space is to perform a greedy algorithm, which
selects snapshots one by one in an iterative process. One starts with selecting one parameter
R1 ∈ C and its corresponding solution. Then at each iteration, the snapshot that is worse
approximated in the space spanned by the previously selected snapshots ΦR1 , . . . ,ΦRK−1

is
selected. An interesting feature of this algorithm is that it does not always require to compute
a full database of snapshots. Indeed, if a posteriori error estimates are available to estimate
the error between a solution in a reduced space and the exact solution, then one can select the
solution with the largest error estimate, and only then compute the corresponding reference
solution. This means that one only needs to compute accurate solutions for the number of
selected solutions in the reduced basis. When the reference solutions are very expensive to
compute, this can lead to a huge gain of numerical computations in the offline phase.

4.1.3 Nonlinear model order reduction

Recently, a very active research subject has been the development of nonlinear reduced order
methods which are well suited when the Kolmogorov n-width defined in (4.1.1) decays slowly.
Unlike in the linear framework, there is currently no standard method available, and the existing
approaches are often tailored to specific applications.

In [29], a library-based approximation is presented. The authors consider a reduced order
model which is a collection of several linear approximations, so that depending on the parameter
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R, different linear spaces can be used. A similar method is to consider tree-based nonlinear
reduced modeling [72].

Other contributions rely on different encoding and decoding maps. In [24], a nonlinear
decoding map based on compositional polynomial networks is used, while in [82, 99], neural
networks are considered. It is also possible to learn the map of coefficients in a large linear
reduced basis from the coefficients in a small reduced basis which are easy to compute but do
not lead to accurate enough results [10, 44].

Some works have leveraged concepts from optimal transport, which is especially effective in
handling translations of solutions, particularly poorly approximated with linear spaces. In [55],
Wasserstein barycenters are used in 1D for the approximation of solutions of transport equa-
tions. In [87], the approximations are not directly based on optimal transport but incorporate
displacement interpolation, which is closely related to it. In the article [S1], the proposed
method is based on optimal transport, and more precisely modified 2-Wasserstein distances
presented in Chapter 3.

There exist several ways to generalize the notion of Kolmogorov n-width in the nonlinear
framework, as presented in [44, Section 2], see also [51]. In this work, the general setting consists
of a solution manifold immersed in a Hilbert space H. The adopted framework introduces two
continuous maps, an encoding

E : H → Rn,

and a decoding map
D : Rn → H,

which define a nonlinear reduced order model through the composition of the encoding and
decoding maps D(E(·)). The parameter n ∈ N is the underlying dimension of the reduced
model. The maximum error on the manifold M is given by the quantity

max
R∈R

∥ΦR −D(E(ΦR))∥,

and an extension of the Kolmogorov n-width consists in taking the minimum over possible
encoder and decoder maps as

inf
D,E

max
R∈R

∥ΦR −D(E(ΦR))∥.

Different notions of widths then arise depending on the constraints and regularity imposed on
the maps E and D. For example, if D is linear, we recover the classical notion of Kolmogorov
n-width. Then, if E is linear andD can be nonlinear, we obtained the so-called sensing numbers
defined as

sn(M) := inf
D,λ1,...,λn

max
Φ∈M

∥Φ−D(λ1(Φ), . . . , λn(Φ))∥,

where the infimum is taken over all linear functionals λ1, . . . , λn ∈ H′ and decoding maps D.
In [55], the authors introduced an extension of the Kolmogorov n-width, where the classical

L2 Kolmogorov n-width is not directly applied to the solutions Φ, but to their inverse cumula-
tive distribution functions (icdf). In the context of that work, the solutions Φ are probability
measures, and evaluating the L2 errors on the icdf’s corresponds to computing Wasserstein
distances (3.1.5).

In [S1], we extended this notion further to any metric space. Without an underlying Hilbert
space, compared to (4.1.1), we need to (i) replace the norm by a distance, (ii) find an alternative
for the projection, and (iii) find a replacement for the linear combination. To do so, we strongly
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use the notion of barycenter, which is defined for a metric space M, with distance d, for convex
parameters t = (t1, . . . , tn), i.e. positive with

∑n
i=1 ti = 1, and elements ΦR1 , . . . ,ΦRn ∈ M, as

bar(t; ΦR1 , . . . ,ΦRn) := argminu∈M

n∑

i=1

tid(u,ΦRi)
2. (4.1.2)

We define the metric Kolmogorov n-width as

εn(M,M) := inf
ΦR1

,...,ΦRn∈M
sup
R∈R

inf
t
d (ΦR, bar(t; ΦR1 , . . . ,ΦRn)) .

Compared to the general definition involving both encoding and decoding maps, this approach
corresponds to fixing the decoding map as the Wasserstein barycenter, while imposing no con-
straint on the encoding map. Theoretically, it is shown in [55] that the metric Kolmogorov
n-width decreases very fast for simple 1D transport equations. In [S1], we showed an improve-
ment of the metric Kolmogorov n-widths over the linear width for a toy problem in electronic
structure calculations.

4.2 Extrapolation on the Grassmann manifold

In this section we are interested in approximating the manifold of solutions to the Kohn–Sham
equations for varying nuclei configurations R, in the context of Born–Oppenheimer Molecular
Dynamics (BOMD) (or ab initio molecular dynamics). This means that the nuclei configura-
tions R follow the dynamics of the considered molecule. We construct accurate approximations
of the solutions for new configurations R. However unlike standard reduced order models where
these approximate solutions are used directly, we use these approximations as initial guesses for
the SCF algorithm presented in (1.2.13). Thus we develop a dedicated extrapolation method.
We start by detailing the context of ab initio molecular dynamics simulations in Section 4.2.1
and we present initial guesses from the literature before detailing the specific contributions in
Section 4.2.2.

4.2.1 Born–Oppenheimer molecular dynamics simulations

In BOMD simulations, a time-stepping scheme is employed to simulate the motion of the nu-
clei within the molecular system under consideration. At each time step tn, the Kohn–Sham
equations are solved for the current nuclei configuration Rn. The density matrix solution to
the Kohn–Sham equations denoted by Dn := DRn is therefore computed by solving equa-
tions (1.2.12). Then from the density matrix, the forces applied to the nuclei are computed,
from which are deduced the new positions of the nuclei via the second law of Newton. Then
the Kohn–Sham equations are solved for the next iteration of the new nuclei configurations
Rn+1 .

As presented in Section 1.1.1, the Kohn–Sham equations (1.1.4) are solved using an iterative
SCF algorithm (1.2.13). Therefore, the overall cost of the SCF algorithm is proportional to
the number of iterations needed to reach convergence, often characterized by a chosen norm
between two iterates being smaller than a given tolerance. Since the number of iterations is
directly related to how close the initial guess is to the converged solution, providing accurate
initial guesses is crucial for reducing the overall computational cost.

In the context of molecular dynamics simulations, an important observation is that the
nuclei configuration R changes only slightly from one time step to the next. Therefore a
natural initial guess is to take the converged density matrix at the previous time step. This
works better than a random initial guess but can still be improved. Various initial guess
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strategies have been proposed in the literature. Examples include the core guess, which uses
the density matrix obtained by diagonalizing the core Hamiltonian, the MinAO guess, where
one solves the problem first on a minimal basis and projects onto a larger basis, and the
superposition of atomic densities.

In all the approaches mentioned above, the initial guess only depends on the current con-
figuration; no information from previous density matrices is used. However, in the context of
molecular dynamics, many initial guess strategies do exploit such temporal information. The
reference method is the extended Lagrangian approach [113], in which an auxiliary density is
propagated in a time-reversible manner and used as the initial guess for the SCF procedure.
This method is analyzed mathematically in [7]. This strategy is particularly effective, as it
combines accurate guesses with excellent stability, often reducing the number of SCF itera-
tions from several tens to just a few. Our aim in this work was to develop an alternative
extrapolation method that further reduces the number of SCF iterations.

4.2.2 Time-reversible Grassmann extrapolation

When a property is expected to vary smoothly from one configuration to the next, it is tempting
to predict its value at a new point as a linear combination of previously computed values.
Unfortunately, the set of density matrices does not form a vector space but a manifold; a generic
linear combination of two valid density matrices usually lies outside this set. To circumvent
this, we work in the tangent space to the manifold at a reference point (see Figure 4.1), and
provide linear combinations of initial guesses in this vector space.

The major issue is then how to choose the weights in that linear combination. We resolve
this by using atomic descriptors, i.e. numerical fingerprints of a structure that encode its local
chemical environment. By correlating the change in density matrix with these descriptors,
we obtain a set of coefficients that produce an accurate extrapolation. The resulting scheme
delivers highly reliable initial guesses, typically reducing the number of self-consistent field
iterations compared with the extended Lagrangian approach. The method has been described
in detail in our previous works [A26, A25, A24], and in the following we provide a few key
points and results.

In this section, we adopt the notation related to (1.2.13), adding the nuclei configuration
dependency R. The number of electrons (or electron pairs) is Nel, and N is the dimension
of the discretization space, CR ∈ RN×Nel denotes the coefficients of the occupied orbitals,
DR ∈ RN×N denotes the density matrix, and ΛR ∈ RNel×Nel the diagonal matrix containing
the energy levels. Further, FR denotes the DFT-operator acting on the density matrix and
SR the overlap matrix of the basis functions. The modified coefficient matrix C̃R := S

1
2
RCR

belongs to the Stiefel manifold defined as follows

St(Nel, N) :=
{
V ∈ RN×Nel

∣∣ V TV = IdNel

}
, (4.2.1)

due to the second equation in (1.2.13). In consequence the normalized density matrix D̃R =

C̃RC̃
T
R = S

1
2
RDRS

1
2
R belongs to the following set

MGr :=
{
D ∈ RN×N

∣∣D2 = D, DT = D, TrD = Nel

}
, (4.2.2)

which can be identified with the Grassmann manifold of Nel-dimensional subspaces of RN by
means of the spectral projectors. For any D ∈ MGr, one can associate the tangent space
TD which has the structure of a vector space. The evolution of the electronic structure can
therefore be seen as a trajectory t 7→ DR(t) on MGr where t 7→ R(t) denotes the trajectory of
the nuclei. We then use that there exists a locally bijective mapping between the Grassmann
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Figure 4.1: Dynamics on the Grassmann manifold and corresponding
points on the tangent space.

manifold and its tangent space called exponential denoted by ExpGr and its inverse is called
the logarithm LogGr:

LogGr : MGr → TD0MGr, ExpGr : TD0MGr → MGr,

where D0 is a reference point. A key advantage of the Grassmann manifold is that these maps
are explicit and computationally efficient, requiring only the thin singular value decomposition
(SVD) of the coefficient matrix CR. Therefore the theory is expressed with the large density
matrix DR, but in practice, the calculations are done on the thin coefficient matrix CR. We
propose a linear approximation in the tangent space, as illustrated on Figure 4.1, that is

D(R) ≃ ExpGr

(
K∑

k=1

ck(R) LogGr(DRk
)

)
.

The remaining challenge is to identify a suitable parameterization for the coefficients ck(R).
To address this, we explored several strategies. In the first contribution [A26], we used Lagrange
polynomials to construct the extrapolation. The approach led to encouraging results, but was
restricted to situations where the explicit normal mode coordinates of the molecule are available;
an assumption that does not hold in BOMD. For this, we turned to so-called descriptors, which
are widely used in the context of interatomic potentials, as will be presented in Chapter 5.
These descriptors are constructed so that they respect the relevant symmetries of the problem;
for example, they are invariant under a rigid translation of the entire molecule. Indeed, in
the context used for this work, that is molecules discretized with localized basis sets, the
density matrix is also invariant with respect to this transformation. If the descriptors dR are
approximated as

dR ≃
K∑

k=1

ckdRk
,

where dRk
’s are the descriptors for the configurations R1 to RK then the density matrix on

the tangent space can be well approximated as

LogGrDR ≃
K∑

k=1

ckLogGr(DRk
). (4.2.3)

We therefore find the coefficients (ck(R))Kk=1 by solving the regularized least square problem

min
c∈RK

∥∥∥∥∥dR −
K∑

k=1

ckdRk

∥∥∥∥∥

2

+ α∥c∥2, (4.2.4)
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where α is a small real parameter. For the descriptors, we used the Coulomb matrix, which is
one of the simplest possible descriptors defined by Cij =

ZiZj

|Ri−Rj | and provided very satisfactory
results.

The idea behind the descriptor choice is that using two explicit nonlinear mappings, the
remaining mapping to approximate becomes simpler. Hence the mapping from configuration
space to density matrix is decomposed as the composition of three maps

R3M → D → TD0MGr → MGr

R 7→ dR 7→ ΓR 7→ DR = ExpGr (ΓR) ,

which are (1) Embedding of atomic positions in high-dimensional space of descriptors. This is
an explicit mapping. (2) Map from descriptors to tangent space. This is where the approx-
imation is done. (3) Grassman exponential. This is also an explicit mapping. To conclude,
the final algorithm proposed in this method is simple and can be decomposed in the following
steps. For a new configuration R:

1. Compute the vector of descriptors dR,

2. Solve the least squares problem involving the descriptors (4.2.4),

3. Compute the linear combination on the tangent space (4.2.3),

4. Take the exponential to obtain the new density matrix.

System NQM NMM N

OCP 129 4915 1038
APPA 31 16449 309

DMABN 21 6843 185
3HF 28 15018 290

Table 4.1: Overview of the system size in terms of number of QM-atoms
(NQM ), number of MM-atoms (NMM ) and the total number of (QM) basis
functions (N).

In [A25], this method has been tested for very large chemical systems, namely 3-hydroxyfla-
vone (3HF) in acetonitrile, chromophores embedded in a biological matrix (OCP and APPA),
as well as dimethylaminobenzonitrile (DMABN) in methanol. The main characteristics of the
systems used for testing are given in Table 4.1. The numerical results were very satisfying, as
our method denoted by G-Ext is always better than the extended Lagrangian method, with or
without McWeeny (MW) purification. We report the results in Table 4.2.

A shortcoming of the initial implementation was that the total energy was not conserved
when using the new initial guess (see the red plot in Figure 4.2), a property usually called time
reversibility and one of the main features of the extended Lagrangian approach. We addressed
this issue in a following article [A24]. The main idea was to symmetrize the initial guess
with respect to time so that the dynamics becomes quasi time-reversible. This means that we
impose the coefficients to be equal two by two. To be more precise, if n is the current time
step of the molecular dynamics, and we are given q previous snapshots Γn−i = LogGr(Dn−i),
for i = 1, . . . , q, the approximation of the density matrix on the tangent space is written as

Γ̃n = −Γn−q +

q̃∑

i=1

ci (Γn−i + Γn−q+i) , (4.2.5)
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Table 4.2: Performances of the G-Ext method for different number of ex-
trapolation points, compared with the XLBO algorithm with and without
McWeeny purification. All the results were obtained using a 10−5 conver-
gence threshold for the root-mean-square increment of the density matrix and
are derived from a picosecond long molecular dynamics simulation, using a
0.5 femtosecond time step. We report on the average number of iterations re-
quired to converge the SCF, together with the associated standard deviation.
Note that the first 8 steps were discarded.

OCP DMABN APPA 3HF

Method Average σ Average σ Average σ Average σ

XLBO 3.82 0.66 3.98 0.16 3.00 0.03 4.00 0.14
XLBO-MW 2.95 0.31 3.76 0.56 3.00 0.34 3.96 0.31
G-Ext(3) 2.57 0.84 3.54 0.78 2.95 0.50 3.09 0.41
G-Ext(4) 2.48 0.88 3.14 0.62 2.51 0.50 3.25 0.68
G-Ext(5) 2.25 0.96 3.23 0.75 2.51 0.50 3.30 0.72
G-Ext(6) 2.20 0.96 2.99 0.02 2.51 0.50 3.14 0.56

Figure 4.2: Total energy as a function of simulation time for DMABN,
using a 10−5 convergence threshold for the SCF.

where q̃ = q/2 if q is even, while q̃ = (q − 1)/2 if q is odd. The coefficients ci are computed in
a similar way as before, i.e. by solving the least-squares problem with Tikhonov regularization

min
c∈Rq̃





∥∥∥∥∥∥
dRn + dRn−q −

q̃∑

i=1

ci
(
dRn−i + dRn−q+i

)
∥∥∥∥∥∥

2

+ α ∥c∥2


 .

In terms of the number of iterations, the results were even better than the ones obtained with
the non time-reversible method, and the long-term energy conservation is increased, as shown
in Figure 4.2 (blue plot).

In conclusion, we have managed to reduce significantly the computation cost of BOMD by
providing accurate initial guesses for the density matrices based on a combination of a tangent
space structure and the use of molecular descriptors, that allow, moreover, for a time-reversible
structure.
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Figure 4.3: Three example solutions in M.

4.3 Nonlinear reduced order model based on optimal transport

We now present the main aspects of [S1], which presents a nonlinear reduced order model for
a toy problem based on mixture Wasserstein barycenters. The first contribution is to estimate
the decay rate of the Kolmogorov n-width of the set of solutions in several settings, including
the standard L2-norm as well as Wasserstein and mixture Wasserstein distances. It is shown
that the decay rate is higher for optimal transport-based distances than for the L2-norm. The
second contribution is a nonlinear reduced basis method based on an offline greedy algorithm,
and an efficient stochastic energy minimization in the online phase, for which numerical results
are very encouraging towards 3D applications.

4.3.1 A toy problem in electronic structure

Ultimately, we are interested in the electronic structure problems presented in Chapter 1 but
for the sake of simplicity, in [S1], we studied a simpler, one-dimensional toy problem. We
consider the eigenvalue partial differential equation parameterized by the nuclei positions R :=
(r1, . . . , rM ) ∈ RM with charges z := (z1, . . . , zM ) ∈ (R∗

+)
M for M ∈ N∗. More precisely, we are

looking for the lowest eigenvalue ER ∈ R and corresponding eigenstate ΦR ∈ H1(R) satisfying

−1

2
Φ′′
R +

(
−

M∑

m=1

zmδrm

)
ΦR = ERΦR. (4.3.1)

This problem can be seen as the electronic structure problem of finding the ground state of
an Hamiltonian of the form −1

2∆ + V , with a potential V taken as a sum of Dirac masses
V := −∑M

m=1 zmδrm(x) localized at atomic positions R with charges z. The choice of this
simple Hamiltonian relies on the nice property that there exists a unique strictly positive
eigenvector solution to this problem, which we normalize in L1-norm in order to associate it
with a probability distribution and it is explicitly given by [119, Section 3.1]

ΦR =

M∑

m=1

πR,z
m SζR,z,rm , (4.3.2)

with πR,z =
(
πR,z
m

)M
m=1

∈ (R+)
M of total sum equal to 1, ζR,z > 0, and where for all ζ > 0

and all r ∈ R, the Slater function Sζ,r is defined by

Sζ,r : x 7−→ ζ

2
e−ζ|x−r|. (4.3.3)

In Figure 4.3, we plot three solutions with M = 2 with different interatomic spacing.
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4.3.2 Offline greedy algorithm

We first present the greedy algorithm used in the offline phase. Let z ∈
(
R∗
+

)M be fixed
positive charges, MI

z = {ΦR, R ∈ IM} with I ⊂ R an interval be a set of solutions of (4.3.1)
and Mtrain ⊂ MI

z a finite training set of already computed solutions called snapshots. The
aim here is to select the most representative snapshots in Mtrain, so that any solution u ∈ MI

z

can be efficiently approximated with only a few snapshots. At each iteration, we select the
snapshot in Mtrain for which the approximation as a mixture barycenter (3.2.3) denoted by
BartMW2

(m1, . . . ,mn) of previously selected snapshots leads to the largest error, as presented
in Algorithm 1.

For simplicity we decompose the solutions ΦR ∈ Mtrain as mixtures m =

K∑

k=1

πkmk. These

mixtures being solutions to problem (4.3.1) means that their elements, denoted by mk are
Slater functions with a scale parameter ζ independent of k and position parameter rk. The
space Ωn is larger than the usual Λn but still guarantees that the barycenters are well-defined.

Algorithm 1 Greedy algorithm
Input: Mtrain, training set; N , number of elements to select
Select m1 and m2 solutions to argmax

(m1,m2)∈Mtrain

MW2(m
1,m2)2.

B := {m1,m2}
for n = 2, . . . , N − 1 do

Select
mn+1 ∈ argmax

m∈Mtrain

min
t∈Ωn

MW2

(
m,BartMW2

(m1, . . . ,mn)
)2
, (4.3.4)

where

Ωn =

{
t ∈ Rn,

n∑

i=1

ti
ζi
> 0

}
.

B = B ∪ {mn+1}
end for
Output: Reduced basis B ⊂ Mtrain

4.3.3 Online optimization algorithm

Once the best snapshots are selected with the greedy algorithm, we want to efficiently compute
approximations of solutions, given a new position for the nuclei R. For this we consider the
minimization problem associated with the eigenvalue problem (4.3.1), that is we minimize the
energy of the new system over the set of barycenters of selected snapshots. More precisely,
assume that we selected N mixture solutions m1, . . . ,mN in the offline phase and we want
to obtain an approximation to the solution with molecular parameters R. We consider the
following optimization problem

min
t∈ΩN

ER

(
BartMW2

(m1, . . . ,mN )
)
, (4.3.5)

where ΩN is the extended set of admissible barycenters, as in the greedy algorithm, and ER

is the energy associated with the eigenvalue problem (4.3.1). Note that the energy can easily
be computed, but is nonconvex as a function of t, and exhibits many local minima. Therefore
solving problem (4.3.5) requires to use a global optimization algorithm, preferably very robust
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Figure 4.4: Left: decay of the projection error in the offline phase; right:
decay of the energy error in the online phase, for 51 equally distributed
elements for r ∈ [0.5, 3].

to ensure that the global minimizer is found. As described in Algorithm 2, we use a quasi-
Newton minimization algorithm (LBFGS) with evenly distributed starting points using a Sobol
sequence on a representative set BN = [−B,B]N ∩ ΩN of values of t.

Algorithm 2 Online optimization

Input: Reduced basis m1, . . . ,mN , BN = [−B,B]N ∩ΩN , starting points t1, . . . , tL in BN

for l = 1, . . . , L do
Compute t∗l , E

∗
l minimizer and energy solution found

by optimizing ER

(
BartMW2

(m1, . . . ,mN )
)

for t ∈ ΩN

with starting point tl with a LBFGS algorithm
end for
Output: Minimizer t∗ = argminl=1,...,LE

∗
l

4.3.4 Numerical results

The numerical results were performed with a system with two nuclei, i.e. M = 2, and with
charges z = (0.8, 1.1) and R = (−r, r) for r ∈ R+. For the training set, the r’s are equally
distributed on the interval [0.5, 3] with training set of size 251.

Both offline and online numerical results are very satisfactory. In Figure 4.4 (left), we
plot the mean error on the training set (red) and the maximum error (blue), which decreases
very fast, possibly exponentially. Moreover, we gain about two orders of magnitude between
2 and 15 added snapshots in the reduced basis on the mean error. In Figure 4.4 (right), we
provide both the maximum error (blue) and the mean error (red) over a test set of 51 equally
distributed elements for r ∈ [0.5, 3]. We observe that the energy maximum error decreases by
three orders of magnitude from 2 to 8 snapshots, which is particularly encouraging. Moreover,
the method allows one to extrapolate outside of the range of training data, as the formula for
the barycenter stays valid in this context.

To conclude this section, this contribution is extremely promising toward nonlinear re-
duced models for electronic structure calculations based on mixture Wasserstein barycenters,
as the mixture Wasserstein barycenters are valid in higher dimensions. A current drawback is
the computational cost of solving the multi-marginal problem that arises in computations of
barycenters, but several techniques [64, 140] may lead to a sharp decrease of the computational
cost.
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4.4 Approximating the density to pair-density map

In this section we are interested in the approximation of the map from the electronic density
ρR to the pair density ρ2,R. The underlying problem of interest is the full Schrödinger equa-
tion (1.1.1). One reason why this map is of interest is that the electron-electron repulsion
energy contribution

Vee[ΨR] =

∫

R3Nel

∑

1≤i<j≤Nel

vee(ri − rj)|ΨR(r1, . . . , rNel
)|2dr1 · · · drNel

,

where vee is in general the Coulomb potential can be simply written with the pair density as

Vee[ΨR] =

∫

R2d

vee(r− r′)ρΨ2,R(r, r′)dr dr′.

Accurate approximations of the pair density would therefore yield precise estimations of this
interaction energy. In Kohn–Sham density functional theory, this term is approximated via
exchange-correlation functionals, directly or indirectly as a functional of the electronic density.
Developing reliable approximations of the interaction energy that remain accurate when stan-
dard functionals fail, such as when subsystems dissociate would be valuable. Additionally the
pair density itself provides precious insight into correlation between pairs of electrons within
the system.

A natural extension to [S1] would be to learn the density to pair-density map using mixture
Wasserstein barycenters (3.2.3). This is currently work in progress. So far we have started
to learn the density to pair-density map with a different approach relying on the theory of
copulas in statistics, presented in [A18]. The main idea behind the copulas is to separate
the marginals, which are in this context the electronic density ρR from the multidimensional
dependence structure, i.e. the pair density ρ2,R. This is based on Sklar’s theorem which we
use here in the case of particles in 1D. The copula density cR is defined on [0, 1]2 (up to a
normalization constant) as

cR(r1, r2) =
ρ2,R(F (r1), F (r2))

ρR(F (r1))ρR(F (r2))
, (4.4.1)

with F (r) = icdf(ρR)(r). It can be seen as an adequate change of variables which simplifies
the approximation of ρ2,R when the nuclei configuration change, especially at dissociation since
the copula converges to a well-defined limit (see Figure 4.5).

In fact, the general theory of copulas does not apply directly to electronic structure problems
in 3d, since in general it decomposes a multivariate distribution on RNel in terms of its Nel

univariate marginals on R and a copula. Instead, for electrons in R3, one should factorize the
configuration space R3Nel into Nel factors R3 (instead of 3Nel factors R), and separate the Nel-
electron distribution on R3Nel , or the pair density on R6, in terms of a copula and its marginal
on R3, which are given by the single-particle density ρR.

In [A18], we therefore start by generalizing the theory of copulas to precisely such factor-
izations, using optimal transport theory [144, 63]. We then observe the copula structure for
one-dimensional systems from 2 to 4 electrons, and we provide a simple fit for the copula which
is asymptotically exact and provides excellent results for the approximation of the pair density.

More precisely we show theoretically and we observe numerically that the copula asymp-
totically looks like a checkerboard, with insets that look like copulas for systems with a smaller
number of electrons. For example, in Figure 4.5 we observe the checkerboard structure for the
dissociation of a system with four particles as two two-particle systems. We see that the copula
becomes constant on the two off-diagonal parts, and that the diagonal parts correspond to the
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Figure 4.5: Dissociation of four-particle system into two two-electron
charged densities. Parameter a for top row: a = 1, second row: a = 2, bot-
tom row: a = 3, with nuclei positions at (−a−1.5,−a+1.5, a−1.5, a+1.5).

copula of the two-particle system of Figure 4.6. Also the values of the copulas on the constant
parts match those predicted by theory.

Once we have understood the asymptotic structure of the copula at dissociation, we propose
a few data-driven generalized copula models, trained on suitable reference pair densities with
asymptotic results built in as exact constraints. We hope this to be a way to propose new DFT
models which remain accurate in strongly correlated regimes. The results of the proposed fitting
procedures between two molecular configurations are displayed on Figure 4.6. We approximate
the intermediate copulas for two particles, i.e. for a = 1.5, 2, 2.5, only from the knowledge of
the copulas for a = 1 and a = 3. The different proposed models for the copula are: linear,
Wasserstein barycenter, small neural network with a self-attention layer. The most promising
result is given by the one-layer neural network. In any case, all fitted models perform way better
than the local density approximation [94], which is a standard model in DFT. To conclude the
generalized copula theory is very promising for further three-dimensional tests with electronic
structure calculations.

4.5 Perspectives

I now present research perspectives related to nonlinear reduced order models.

• Grassmann extrapolation for materials systems A natural extension of the Grass-
mann extrapolation technique would be to look at periodic systems in order to reduce
the cost of molecular dynamics simulations and geometry optimization. This requires to
tackle two main difficulties. First, the extrapolation technique was particularly successful
because localized bases are used for molecules, which implies that the coefficients of the
density matrices in such basis do not change too much when the molecular configuration
R changes.
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(a) a = 1 (b) a = 1.5 (c) a = 2 (d) a = 2.5 (e) a = 3

Figure 4.6: Copulas for two-particle systems obtained from different
models. Exact (top row), Linear interpolation (second row), Wasserstein
barycenter (third row), one-parameter neural net (fourth row), LDA (bot-
tom row). Pictures furthter to the right correspond to a larger internuclear
distances. The color limits are (0,2.5).

For periodic systems, the discretization bases are often plane waves so that nothing
guarantees that the coefficients slowly vary. This is the main change between molecules,
for which the method was successfully used, and periodic insulators. For this, we should
first test whether the extrapolation works with delocalized basis functions. If, as we
expect, this is not the case, we could look at ways to generate localized bases from nonlocal
bases functions, such as Wannierization [105]. We expect this to work reasonably well for
insulators, considering calculations at a single k-point. This may require to modify the
Wannierization procedure in order to obtain basis functions which smoothly vary with
the configuration variable R, and not only the k-points. One solution for this might be
to attach the basis functions to specific atoms.

To go beyond insulators and consider metallic systems, a crucial difference appears. In-
deed, the density matrix is no longer an orthogonal projector, therefore the density matrix
does not belong to the Grassmann manifold. More precisely, the density matrix writes

D(R) =
Ñ∑

i=1

αi(R)ϕR,i(ϕR,i)
T ,

for some αi(R) ≥ 0 called occupation numbers and orthonormal vectors ϕR,i. Therefore,
while the density matrix itself does not belong to the Grassmann manifold, the functions
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ϕR,i belong to a Stiefel manifold. Exploring the tangent space of Stiefel manifolds [2], one
could derive a similar extrapolation formula, which might, however, be more costly to
compute due to the possibly high number of functions ϕR,i in the expansion. Moreover,
in that setting, we also need a good strategy for extrapolating the coefficients αi(R). We
could start with simple interpolation techniques (e.g. linear expansion) before moving to
nonlinear representations if necessary. A further step would be to directly consider the
manifold of metallic density matrices, and derive exponentials and logarithms. We could
first test the method on systems with varying lattice size, i.e. a case where the varying
parameter R is clearly identified, as a toy model.

• Theoretical explanations of the Grassmann extrapolations So far, explanations
why the Grassmann extrapolation works so well are lacking. A first hint is given by the
multipoint formula presented in Chapter 2. However this is not sufficient. Therefore, it
would be interesting to understand how the choice of the descriptors plays a role in the
approximation. Also, it would be key to mathematically understand the time-reversibility
property and write down carefully the conditions that lead to a stable dynamics. This
would hopefully lead to understanding why the quasi time-reversible method provides
such amazing results, and possibly improving them further.

• Theoretical results for nonlinear reduced order modeling At that point, apart
from some estimates for nonlinear Kolmogorov n-widths for simple equations, no gen-
eral theoretical convergence rates are available in this nonlinear "metric" context. For
instance, it would be of interest to extend existing theoretical results that relate the con-
vergence of the Kolmogorov n-width to the convergence behavior of the greedy algorithm,
similarly to what is done in [27] for projection-based model order reduction.

• Error bounds for nonlinear reduced order modeling We could also develop error
bounds for the reduced order methods based on optimal transport, first focusing on the
classical optimal transport extrapolations such as those provided in [S1]. We could first
provide an a priori estimation, i.e. provide a rate of convergence of the error with respect
to the number of selected solutions, and then move to a posteriori error estimation. This
would be a first step in deriving a priori and a posteriori estimates in metric spaces,
where such bounds are, to the best of my knowledge, not available. In the case of the toy
model considered in [S1], the fact that the problem is one dimensional makes it possible
to recast the metric space estimation as a Hilbert space estimation as in [55], and use
the inverse cumulative distribution function of the solution as a change of variable. We
then hope to be able to treat more general models, in particular first linear eigenvalue
problems in 3d, and then nonlinear problems. If this works out well, we could perform a
similar analysis on Quantum Optimal Transport extrapolations.

• Density to pair-density map A natural extension of what has been presented in this
chapter would be to provide a good approximation of the density to pair-density map for
3D calculations. Indeed, with the mixture Wasserstein distance, the marginal-constrained
barycenters presented in Chapter 3, and the greedy algorithm presented in this chapter,
we are ready to perform such calculations.



Chapter 5

Data-driven methods: interatomic
potentials to Hamiltonian models

This chapter deals with data-driven methods for approximating quantities of interest, typically
energy and forces, as functions of the atomic configuration R of the system. The main difference
compared to the previous chapters is that the considered quantities of interest are directly fitted
using a database. This type of machine-learning approach has exploded over the past 10-20
years, and is now extensively used in interatomic potential modeling.

There are three main ingredients in these methods: the data, the parameterization, and
the cost function used in the training process. To start this chapter, we describe the problem
of learning the potential energy surface (PES) in Section 5.1 through these three aspects. The
parameterization used for learning the PES often relies on molecular descriptors, which capture
atomic environments as vectors. Moreover the PES needs to respect some symmetry, which is
ensured through symmetry of the descriptors. A review of available descriptors is presented
in Section 5.2, with a particular emphasis on Permutation-Invariant Potentials (PIPs) and
the Atomic Cluster Expansion (ACE) which I contributed to [A27, A1, A15, A2]. To open
the discussion, we present in Section 5.3 recent advances in using data-driven approaches for
learning electronic structure-related quantities directly. We finally present some perspectives
related to this subject in Section 5.4.

5.1 Data-driven approach

5.1.1 Quantities of interest and data

In this chapter, the main motivation is to directly learn a map R 7→ E(R) where E is some
quantity of interest, i.e any property related to quantum chemistry. The most popular choice is
the potential energy and the interatomic forces. Other examples are derived quantities, such as
the band spectrum, the dipole moment, or more involved quantities such as the wavefunction,
the Hamiltonian, the electronic density, and density matrix.

Data-driven approaches require a dataset generated using a reference method, ideally one
of high accuracy. In the context of interatomic potentials, this is a major advantage: if the
database is constructed from electronic structure calculations, typically DFT, but also poten-
tially more accurate wavefunction-based methods, then, provided the learned energy functional
generalizes well beyond the training data, one can achieve energy and force predictions with
near-quantum accuracy at a fraction of the computational cost.

75
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5.1.2 Parametrization

Compared to reduced order modeling approaches, machine-learning methods do not allow
for online calculations such as solving linear systems. Instead, the mapping R 7→ E(R), is
approximated by a surrogate model R 7→ Eθ(R), constructed entirely during the offline phase,
referred to as training in the machine-learning (ML) community. Then, during the online
phase, i.e., when the quantity of interest must be evaluated for a new atomic configuration R,
the approximation Eθ(R) is simply evaluated without further adaptation or computation. The
general approach is to select a functional form for Eθ(R) that depends on a set of parameters
θ, which can be adjusted so that the function fits the data at known points. Different ML
models correspond to different choices of the functional form Eθ.

In learning the PES, a key aspect is the decomposition of the map Eθ into two parts as

Eθ :

{
C → RNd → R
R 7→ dR 7→ Eθ(dR),

(5.1.1)

where C is the set of atomic configurations, Nd is the size of the descriptor space. The first map
R 7→ dR is called the descriptor map and transform the Cartesian coordinates of the atoms into
a suitable representation of size Nd. This allows to map configurations with arbitrary number
of atoms to the same vector space, and hence account for systems of various sizes. Moreover
the descriptor map takes care of the symmetries. The second part maps the descriptors to the
output value. Since the input space is RNd , standard functions can be used here, such as linear
maps or neural networks. We present a short overview of available methods in the literature
for the PES.

Linear methods

In linear methods the basis consists of the chosen descriptors. Since the descriptors often
couple the information of a few particles at a time, the potential energy is written as a body-
order expansion. This consists in decomposing first the energy as a sum of local components
depending on atomic environments

Eθ(R) =
∑

i

Ẽθ(Ri;R − Ri). (5.1.2)

Second the function Ẽθ is written as a sum of terms coupling only k particles

Ẽθ(Ri;R−Ri) = Eθ,1(Ri)+
∑

j

Eθ,2(Ri;Rj−Ri)+
∑

j,k

Eθ,3(Ri;Rj−Ri,Rk−Ri)+. . . (5.1.3)

The hope is that this series converges fast with respect to the maximal body order. Then one
way to ensure that the potential energy is symmetric with respect to rotation and permutation
of identical atoms is that the functions Eθ,1, Eθ,2, . . . , Eθ,K satisfy these symmetries too. This
is where descriptors come into play. The body-order expansion also helps the learning process
as Eθ,i is considered local: terms involving atoms that are far away do not contribute. This
also helps transferability, i.e. increases the accuracy outside the training set and for different
molecular systems, and ensures the extensivity of the predictions.

Moreover, this expansion transforms the problem of approximating a function with a po-
tentially infinite number of particles such as in the case of materials, to functions with a finite
number and even reasonably small number of variables. The main advantage of the linearity
is that it underlies the vast majority of empirical force fields, and training is usually cheap
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compared to nonlinear methods. It often also offers a better explainability than nonlinear
models. As for the evaluation cost, it is directly linked to the computational cost of evaluating
the descriptors.

Linear methods include the Moment Tensor Potential (MTP) [136], the Atomic Cluster
Expansion (ACE) [52], or the Spectral Neighbor Analysis Potential (SNAP) [142].

Nonlinear methods

Nonlinear methods are also used for fitting interatomic potentials. One of the first neural
networks for this application was proposed by Behler and Parinello [21]. In this work, the neural
network was simple and consisted of two fully connected hidden layers with 40 nodes each, that
is about thousands parameters in total. One advantage is the very low evaluation cost, and the
fact that the evaluation cost does not depend on the amount of training data points. Other
methods use feed forward neural networks, such as the ANI [137] and DeepMD [146], but these
neural networks are way larger than the Behler–Parinello network.

Another type of nonlinear architecture consists of kernel methods, mostly used in the Gaus-
sian Approximation Potential (GAP) [12]. The main idea is to define a similarity measure be-
tween atomic environments as a L2 scalar product between densities integrated over rotations.
Numerically speaking, solving the optimization problem only requires to solve a linear system.
As a drawback the evaluation cost depends on the number of configurations in the database.

More recently message-passing neural networks have been highly developed for interatomic
potentials. They are based on different types of descriptors, possibly invariant or equivariant.
Among the most popular are MACE [15], Schnet [134], and NequIP [16].

5.1.3 Cost functions and training

Once a functional form Gθ has been chosen, one needs to fit the parameters θ to match the
data. This is done by minimizing a cost function. A typical cost function is the mean square
error on the data: if (R(j))Ntrain

i=1 are the data points for which we have already computed the
exact function E(R(j)), the cost to minimize is

J(θ) =

Ntrain∑

j=1

∥E(R(j))− Eθ(R(j))∥2,

where the norm is adapted to the quantity to compute, typically absolute value for the energy
and Euclidean norm for the forces.

When one has several types of data in the database, typically energy and forces, then one
can combine the two types of data. E.g. if E(R) denotes the potential energy, and F (R) the
atomic forces, then one would typically take

J(θ) =

Ntrain∑

j=1

αE∥E(R(j))− Eθ(R(j))∥2 + αF ∥F (R(j))− Fθ(R(j))∥2,

where αE and αF are tunable positive parameters that indicate the relative importance of the
two quantities.

The minimization of the cost function, also called training, is done with an optimization
method, which depends on the model Gθ. If Gθ is linear in its parameters, then the problem
is a linear least square problem, which, depending on the size of the problem, can be solved
either directly or with iterative methods. If Gθ is nonlinear with respect to its parameters,
then typically stochastic gradient methods are used, such as the Adam algorithm [92] or quasi-
Newton methods, depending on the number of parameters.
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A regularization term is often added to the cost function such as the L2-norm of the
parameters θ,

J(θ) =

Ntrain∑

i=1

∥E(R(j))− Eθ(R(j))∥2 + ε∥θ∥22,

where ε is a small positive parameter to choose. This is called Tikhonov regularization, and
penalizes large values of the parameters. This often improves the extrapolation capabilities
outside of the database, avoiding overfitting.

Another common regularization technique is to add the L1-norm of the parameters, also
known as Lasso regularization. On the one hand, for linear parametrization, it increases the
complexity of training, as the optimization problem becomes nonlinear. On the other hand,
it promotes sparsity in the solution, meaning that only a few parameters are expected to be
nonzero. This sparsity can, depending on the chosen functional form, be exploited to obtain a
fitted model that is faster to evaluate. Many other penalizations can be used to enforce known
behavior of the function to fit. E.g. in [A27], we penalized the Laplacian of the potential
energy components in order to favor smooth components of the interatomic potential.

To summarize, the fitting procedure is used to construct an approximate function Eθ(R)
using the data of the training set. The parameterization is then evaluated on a dedicated test
set of configurations to assess how well it matches the true function. It can then be validated
in more realistic settings, such as molecular dynamics simulations for interatomic potentials.

5.2 Atomic descriptors

In quantum chemistry and related fields, the functions to fit satisfy some physical constraints.
Namely, they transform in a prescribed way when the nuclei configuration is changed according
to some rigid-body motion, or permutation of the positions of identical atoms. This can be
accounted for in the fitting procedure. One way to obtain such symmetry is to add data in the
database for which we know the result due to the symmetry argument. But this is in general
intractable since it highly increases the size of the database, even exponentially in the case
of permutation invariance. The other choice, which is usually preferred, is to incorporate the
symmetry directly in the functional Eθ, ensuring that the fitted function satisfies the required
symmetry.

5.2.1 Symmetries

Permutation invariance

In electronic structure, as well as for interatomic potentials, identical particles are indistin-
guishable. This means that the values of the related quantities of interest are invariant with
respect to a permutation of the position of identical atoms (in the classical context) or nuclei
(in the quantum context). For the potential energy, this means that

E(R) = E(Rσ),

where σ denotes a permutation of identical atoms.

Rotation invariance and equivariance

On top of permutation invariance, there is also prescribed transformation with respect to
rigid-body motion, that is inversion, translation, and rotations. In the case of the potential
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energy, the function is invariant with respect to these transformations. In particular for any
configuration R, as well as any 3× 3 matrix Q ∈ O(3), there holds

E(QR) = E(R),

where QR = (QR1, . . . , QRM ) rotates similarly all coordinates of the nuclei. For the forces
though, the transformation is different as when the nuclei are rotated, the forces are rotated
in the same way, that is

F (QR) = QF (R).

More generally, such a transformation is called equivariance. Given a symmetry group S, the
equivariance property reads for a function G:

∀g ∈ S, ∀R ∈ C, G(g · R) = g ·G(R),

where the first · is a group action on the configuration space, and the second · is a group action
on the output space of G.

5.2.2 Construction of the descriptors

The atomic descriptors are designed to satisfy these symmetries. The translation invariance
of the energy is automatically satisfied using (5.1.2). The remaining question is therefore to
design descriptors that satisfy permutation-invariance and rotation-equivariance. For simplicity
we only focus on the case of the potential energy which is invariant with respect to rotations
but the arguments can be extended to rotation-equivariance as well.

Apart from the symmetry, a desirable set of properties for descriptors includes smoothness
and locality. They should also be complete, meaning they should keep non-equivalent structures
distinct [121]. Additionally the computational cost of evaluating these descriptors should be
as low as possible. The generic construction proceeds as follows. As mentioned in (5.1.2), the
energy is expressed as a sum of atom-centered local energies. For a given atomic environment,
the descriptors are designed to depend on at most ν atoms, a parameter referred to as the body
order. Then the design of descriptors with body order ν proceeds either via a symmetrization
first with respect to the rotations and then the permutations or the opposite, as we present
in the next subsections. For example among widely known descriptors is the Coulomb matrix
C ∈ RM×M [128] which is defined as:

Cij =

{
0.5Z2.4

i if i = j
ZiZj

∥Ri−Rj∥ if i ̸= j.

This descriptor is rotation-invariant. It is not permutation-invariant but can be made so by
sorting the rows and columns by norm, or using eigenvalues.

Many descriptors correspond to low body-order terms. Among classical descriptors are
the Behler–Parinello functions [21], the smooth overlap of atomic positions (SOAP) [13],
Permutation-Invariant Polynomials (PIPs) [32], scattering transform [56], Moment Tensor Po-
tential (MTP) [136], Atomic Cluster Expansion (ACE) [A15]. Note that in some cases, equiv-
ariant descriptors are used even for an invariant function, in order to have a richer space of
descriptors. These equivariant features are then summed over in the functional form Eθ to
obtain an invariant function. For a review on descriptors, see [111].

5.2.3 Rotation-invariance then permutation-invariance

A simple way to obtain rotation-invariant variables is to consider internal coordinates. These
are typically bond lengths (two-body), angles (three-body), or torsions (four-body). These
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coordinates are trivally rotation-invariant but not permutation-invariant. To symmetrize over
permutations, several options are possible. It is possible to average over permutations. This
is doable for low body orders but intractable for even moderate body orders. It is possible to
sort the values, with the caveat that the result may not be smooth. Histograms can also be
considered.

The symmetry functions proposed by Behler and Parinello in [21] have had a large impact,
as they made the first successful attempt of explicitly bringing machine-learning ideas to the
construction of interatomic potentials for condensed-phase material. The symmetry functions
consist of two-body descriptors called radial symmetry functions

G1
i (R) =

∑

j ̸=i

e−η×(rij−Rs)2 × fc(rij),

where

fc(r) =

{
0.5×

[
cos
(
π × r

Rc

)
+ 1
]

for r ≤ Rc

0 for r > Rc,

is a cutoff function, Rc > 0 the cutoff radius, rij is the distance between atoms i and j in
the system, and η and Rs are parameters that control the width and center of the Gaussian,
respectively. There are also three-body descriptors called angular symmetry functions:

G2
i (R) = 2(1−ζ)

∑

j,k ̸=i

(1 + λ cos(θijk))
ζe−η(r2ij+r2ik+r2jk)fc(rij)fc(rik)fc(rjk),

where θijk is the angle between vectors Ri −Rj and Ri −Rk, η, ζ, and λ (λ is typically -1 or
1) are parameters that control the shape and behavior of the angular term and Gaussian. In
the original article, 48 symmetry functions were used in total.

Many other works employ descriptors based on variants of symmetry functions [137, 146]. In
these cases, the low body order (typically two- or three-body) allows for an explicit summation
over permutations, making the descriptors computationally efficient. However, a major draw-
back of such low body orders is the lack of completeness. For instance, it is possible to construct
configurations that yield identical histograms of pairwise distances but differ in higher-order
geometric features, such as bond angles [14]. These configurations are thus non-equivalent, yet
they are indistinguishable from the descriptors.

Other descriptors incorporate higher body orders to capture more complex structural in-
formation. A notable example is the permutation-invariant polynomials (PIPs), originally
developed by Braams and Bowman [32], extended to condensed phase systems in [A27], called
atomic-PIPs in this case.

The main idea is to consider as internal coordinates the interatomic distances and generate
permutation-invariant polynomials of these variables. For example, the two-body features are
polynomials of the distances rij . In this case, permutation invariance is trivially satisfied as
exchanging atoms i and j does not change the value rij . For three-body, to simplify notation,
we denote the atoms i, j, k by 1,2,3. We consider the three interatomic distances between the
atoms 1,2, and 3: r12, r13, r23. Permuting the atoms permutes the distances in a different way.
For example, permuting 1 and 2 does not change r12 but permutes r13 and r23. In this case,
the 6 permutations of the atoms 1,2,3 generate all possible 6 permutations over the edges r12,
r13, r23. Therefore polynomials that satisfy the permutation symmetry are simply polynomials
of the three standard invariant polynomials

P1 = r12 + r13 + r23

P2 = r12r13 + r12r23 + r13r23

P3 = r12r13r23.
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For four-body features, finding invariant polynomials gets more involved. Indeed the per-
mutation over the 4 vertices 1, 2, 3, 4 only generates a subgroup of possible permutations over
the 6 edges (r12, r13, r14, r23, r24, r34). To obtain all permutation-invariant polynomials one
resorts to invariant theory [50]. One possibility is to numerically compute the primary and
secondary invariants using a computer algebra system such as MAGMA [31] from which all
invariant polynomials with respect to the specific permutation subgroup can be easily obtained.
For the four-body case, there exist 6 primary invariant polynomials P1, . . . , P6 and 6 secondary
invariant polynomials S1, . . . , S6, such that a basis for the space of polynomials satisfying these
symmetries is composed of the following polynomials

S
{0,1}
i

6∏

j=1

P
aj
j .

Provided that the primary and secondary invariants can be computed, this method is generic
and can, in principle, handle descriptors of arbitrary body order. Unfortunately, in practice,
going beyond body order five has proven to be computationally intractable.

These descriptors up to body-order five combined with a linear function in the descriptors
gave very satisfactory results on a Tungsten and Silicon database presented in [A27]. This was
later extended to molecules [A1] with good success in particular with extrapolation capabilities
to large molecules that were not present in the database. A key aspect of the learning process
was the chosen regularization, which was done separately at each body order, ensuring that the
different body order components of the potential have a reasonable shape, and in particular do
not exhibit too many oscillations. A nice aspect is that due to the linearity of the functional,
the energy can be decomposed as functions of 1 variable (two-body), 2 variables (three-body),
6 variables (four-body), and 10 variables (five-body). And the 2-body and 3-body functions
can easily be plotted, helping the explainability of the obtained results.

There are, however, two main limitations to this method. First, as mentioned above,
generating the invariants becomes expensive and even unfeasible for high body order. Second,
the cost of evaluating the potential scales with the number of ν-uplets of neighbors (see (5.1.3)),
which also explodes when the body order increases.

5.2.4 Permutation-invariance then rotation-invariance

It turns out that for higher body order descriptors, it is computationally more efficient to first
symmetrize with respect to permutations and then with respect to rotations.

Density trick

Most of the descriptors in this category are based on considering some density, which reads,
for identical atoms,

∀x ∈ Rd, ρ(x) =
∑

i

g(x − Ri), (5.2.1)

where g is a chosen function. One advantage is that the density is often a smooth function
of the atomic coordinates unlike interatomic distances, and one can, moreover, choose the
regularity through the function g.

In order to explain the density trick, we focus for now on a one-dimensional example.
Forgetting about the rotation invariance for a moment, a basis for invariant polynomials in 1D
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for functions of N variables is

P1 = x1 + x2 + . . .+ xN

P2 = x1x2 + . . .+ xN−1xN
...

PN =

N∏

i=1

xi.

This is for example the basis used in PIPs for body-order 3. Evaluating these polynomials scales
as number of terms in the polynomials Pk, which is

(
N
k

)
, therefore the scaling is exponential

in N . But this is only one possible basis. An alternative basis is

Q1 = x1 + x2 + . . .+ xN

Q2 = x21 + x22 + . . .+ x2N
...

QN = xN1 + xN2 + . . .+ xNN .

The number of terms in the polynomials Qk is always N , and we can precompute x1, x21, . . . ,
x2, . . . , x

N
2 . Therefore the computational cost of evaluating the basis is of order O(N2). Thus

we get rid of the exponential scaling in the number of terms so that evaluating the basis Q is
much cheaper than evaluating the basis P , while the two bases generate the same space.

The Q basis is related to the density (5.2.1) as it corresponds to considering different
functions g taken as x 7→ xk. In 3D, an additional symmetrization over rotations is required
to ensure rotational invariance. A key advantage of this density trick is that the evaluation of
the descriptor at a given body-order scales only linearly with the number of neighbors included
within the cutoff around an atom. Therefore considering descriptors based on products of
densities is numerically more appealing than the PIPs descriptors.

Enforcing rotational symmetry

The considered descriptors in this context are as follows: three-body terms are based on prod-
ucts of two densities ρi(x)ρj(x) and four-body terms are based on products of three densities
ρi(x)ρj(x)ρk(x). These quantities are clearly permutation-invariant. The question is now how
to enforce the rotational symmetry.

The main idea is to integrate over the Haar measure of rotations. For example, for three-
body terms, this can be written as

∫

Q
ρi(Qx)ρj(Qx)dQ,

where Q denotes a rotation. This integral is invariant under rotations by construction. The
remaining challenge is to evaluate this integral efficiently. To address this we decompose the
functions gi defining the densities on the spherical harmonics basis, or directly take gi as a
spherical harmonics. Indeed the spherical harmonics form an orthonormal basis on the sphere
and have well-understood transformation properties under rotations. They enable a tractable
and efficient evaluation of these integrals.

Several descriptors are based on such a formulation, starting with the well-known Smooth
Overlap of Atomic Orbitals (SOAP) [14]. In this case, the density is taken as

ρjR(x) =
∑

i

exp
(
−α|x− (Ri − Rj)|2

)
,
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i.e. the function g is taken as a Gaussian function with exponent α. Then the density is
expanded in a basis containing products of radial functions and spherical harmonics centered
at atom j

ρjR(x) =
∑

nlm

cnlm(R)gn(|x|)Y m
l (x̂),

The power spectrum and bispectrum presented in this article correspond respectively to
three and four body-order contributions based on this density choice. A similar construction is
presented in the Spectral Neighbor Analysis Potential (SNAP) [142], also called hyperspherical
bispectrum descriptor.

Atomic Cluster Expansion

We now present another type of descriptor which generalizes the power spectrum and bispec-
trum at any body order, called Atomic Cluster Expansion (ACE). A related version of this
descriptor is the Moment Tensor Potential [136]. The ACE has been introduced by Drautz
in [52], see also [A15].

To simplify the notation, we consider the variables Ri := Ri−Rj with Rj the center atom.
This descriptor takes a density as a sum of Dirac deltas

ρR(x) =
∑

i

δ(x− Ri).

The density is then projected onto a one-particle basis ϕnlm to generate Anlm coefficients

Anlm(R) := ⟨ϕnlm, ρR⟩ =
∑

i

ϕnlm(Ri).

These quantities are, of course, permutation-invariant, and we consider ν-order correlations (of
ν + 1 body order) defined as

ν∏

k=1

Anklkmk
(R).

We finally need to symmetrize with respect to rotations. For this we write the one-body basis
functions as a product of radial bases gn and spherical harmonics Y m

l for the angular part,
centered at the origin (where the center atom lies)

ϕnlm(Ri) =
∑

i

gn(Ri)Y
m
l (R̂i),

where Ri is the length of Ri and R̂i is the corresponding point on the sphere S. There holds

Y m
l (QR̂) =

l∑

µ=−l

Dl
µm(Q)Y µ

l (R̂), ∀R̂ ∈ S2, Q ∈ SO(3), (5.2.2)

so defining
Ml :=

{
µ ∈ ZN | − lα ≤ µα ≤ lα

}
,

we obtain defining Ym
l =

∏N
i=1 Y

mi
li

, for any Q ∈ SO(3),

Ym
l (QR̂) =

∑

µ∈Ml

Dl
µm(Q)Y µ

l (R̂) with Dl
µm(Q) =

N∏

α=1

Dlα
µαmα

(Q).
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The matrices Dl appearing above are the Wigner-D matrices. To state our main result, we
need two key properties of the Wigner-D matrices. The first one is called addition of angular
momenta and decomposes a product of irreducible representations

∀Q ∈ SO(3), Dl
µ1m1

(Q)Dl2
µ2m2

(Q) =

l1+l2∑

λ=|l1−l2|

C
λ(m1+m2)
l1m1l2m2

C
λ(µ1+µ2)
l1µ1l2µ2

Dλ
(m1+m2)(µ1+µ2)

(Q),

where the coefficients Cλ(µ1+µ2)
l1µ1l2µ2

are Clebsch–Gordan coefficients. Another, more abstract, way
to write it, is

Dl1 ⊗Dl2 =

l1+l2∑

l=|l1−l2|

Dl,

that is the tensor product of two Wigner-D matrices can be decomposed as a sum of Wigner-D
matrices with known indices. The second property is that the integral over rotations is as
follows ∫

SO(3)
Dl

µm(Q) dQ = δl0δm0δµ0.

Thus to find invariant functions, we need to find only the terms leading to total angular mo-
mentum of l = 0. The general case was presented in [151] and we expressed it in a mathematical
statement in [A15].

Lemma 5.2.1. For N ≥ 2 and l ∈ NN , let

Ll =

{
L = (L2, L3, . . . , LN ) ∈ NN−1

∣∣∣∣ |l1 − l2| ≤ L2 ≤ l1 + l2,

∀3 ≤ i ≤ N, |Li−1 − li| ≤ Li ≤ Li−1 + li

}
,

then:
(i) Let µ,m ∈ Ml, then

Dl
µm(Q) = [Cl]µ,(L,MN ) D

l(Q) [Cl]Tm,(L,MN ), (5.2.3)

with the generalized Clebsch-Gordan coefficients Cl and the Dl(Q) defined as follows:

[Cl]m,(L,MN ) = CL2M2
l1m1l2m2

CL3M3
L2M2l3m3

. . . CLNMN
LN−1MN−1lNmN

, where (5.2.4)

L = (L2, . . . , LN ) ∈ Ll, −LN ≤MN ≤ LN , Mi =

i∑

j=1

mi;

and Dl(Q) = diag
{
DLN (Q), L = (L2, L3, . . . , LN ) ∈ Ll

}
.

(ii) Moreover, ∫

SO(3)
Dl(Q) dQ = diag

(
δLN

1
)
L=(L2,L3,...,LN )∈Ll

. (5.2.5)

For example, taking l = (1, 1, 2), there holds Ll = {(1, 1), (2, 0), (2, 1), (2, 2), (2, 3)}, and
Dl(Q) is the block diagonal matrix

Dl(Q) =




D1(Q) 0 0 0 0
0 D0(Q) 0 0 0
0 0 D1(Q) 0 0
0 0 0 D2(Q) 0
0 0 0 0 D3(Q)



,
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where the zeros have to be understood as zero matrices of matching size, and the Wigner
matrices Di(Q) are of size (2i+ 1)× (2i+ 1). Moreover,

D̄
(1,1,2)
µm =

∫

SO(3)
D(1,1,2)(Q) dQ =




03,3 0 0 0 0
0 11,1 0 0 0
0 0 03,3 0 0
0 0 0 05,5 0
0 0 0 0 07,7



,

where the sizes of the block matrices are only made specific on the diagonal. Then one can
easily deduce that D̄(1,1,2)

µm defined in above is of rank one. The gist of the result is that
generalized Clebsch–Gordan coefficients diagonalize the tensor product of Wigner-D matrices,
therefore the rank of this tensor is easily evaluated by looking at the block diagonal matrix Dl.

At the end, the considered descriptors are particular linear combinations of

Anlm(R) =
ν∏

k=1

Anklkmk
(R),

that are rotation-invariant. The basis functions are therefore of the form

bnlL(R) :=
∑

µ

[Cl]µ,(L,0)Anlµ(R).

Numerically, the energy can be very accurately fitted at a low computational cost. The
article [A15] presents the theoretical basis for this work together with a few numerical results
on a Silicon and a Tungsten database. One key theoretical result is that we obtain the exact
number of rotation-invariant basis functions from Lemma 5.2.1. The linear dependencies com-
ing from the permutation invariance have been taken care of numerically so far. I am currently
working on obtaining the exact number of basis functions in this case as well.

ACE has been since used a lot and extended in various ways in particular with nonlinear
functionals such as MACE (Message-passing ACE) [15] and Graph ACE [28], as will be de-
scribed in Section 5.1.2. In [A28], we used ACE extended for equivariant functions to learn
Hamiltonians for materials systems.

Approximation theory results on ACE

In [A2], we theoretically studied ACE, and were interested in how the dimensionality of the
polynomial space was reduced due to the permutation invariance. From this we obtained
approximation results on multiset functions. Compared to other works, such as [74, 145, 86],
presenting approximation results for symmetric (and anti-symmetric) functions we focus here
on a polynomial approximation.

For simplicity we explain the main aspects of [A2] for smooth symmetric functions f :
[−1, 1]N → R for which we only consider permutation symmetry. By f being symmetric we
mean that

f(xσ1, . . . , xσN ) = f(x1, . . . , xN ) ∀x ∈ [−1, 1]N , σ ∈ SN . (5.2.6)

A general f ∈ C([−1, 1]N ) can be expanded as a Chebyshev series,

f(x) =
∑

v∈NN

f̂vTv(x),

where Tv = ⊗N
n=1Tvn and Tv are the standard Chebyshev polynomials of the first kind. For

later reference we define

Csym([−1, 1]N ) :=
{
f ∈ C([−1, 1]N ) : f is symmetric

}
.
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The objective of this work was to incorporate the symmetry in the approximation scheme
and see how much can be gained. Due to our assumption of symmetry, all dimensions are
equally important so that the total degree approximation is natural: For D > 0, we define

fD(x) :=
∑

v:∥v∥1≤D

f̂vTv(x), (5.2.7)

from which we immediately obtain the exponential approximation error estimate

∥f − fD∥L∞ ≤MµNρ−D, (5.2.8)

provided that f belongs to a Korobov class,

K(M,µ, ρ) :=
{
f s.t.

∑
v∈NNρ

∥v∥1 |f̂v| ≤MµN
}
. (5.2.9)

Although the term ρ−D suggests an excellent approximation rate, the curse of dimension-
ality still enters through the prefactor µN as well as through the cost of evaluating fD, which
scales as (

N +D

D

)
∼
{
DN/N !, as D → ∞,

ND/D!, as N → ∞,
(5.2.10)

where
(
N+D
D

)
is the number of terms in (5.2.8). For large N or large D, this seems better

than the naive tensor product approximation leading to O(DN ) terms, but remains expensive
in high dimensions. We therefore incorporate the symmetry into the parameterization. This
reduces the number of basis functions, since the coefficients of a symmetric function satisfy

f̂v = f̂σ(v) ∀σ ∈ SN .

Thus, we can obtain a symmetrised representation

fD(x) =
∑

v∈NN
ord:∥v∥1≤D

cv symTv(x) (5.2.11)

where symTv(x) =
∑

σ∈SN

Tv(σx) =
∑

σ∈SN

Tσv(x) (5.2.12)

and NN
ord denotes the set of all ordered N -tuples, i.e., v ∈ NN

ord if v1 ≤ v2 ≤ · · · ≤ vN . When
v is not strictly ordered then σv = v for some permutations and hence the coefficient cv is
different from f̂v.

It is immediate to see that symTv form a basis of the space of symmetric polynomials,
which in turn is dense in Csym. In order to not only reduce the number of basis functions but
also the computational cost of evaluating the function, we use the ACE as a basis, that is we
define

Av(x) :=

N∑

n=1

Tv(xn), v ∈ N, (5.2.13)

and form the products

Av(x) :=
N∏

t=1

Avt(x), v ∈ NN . (5.2.14)

The fact that these polynomials form a basis with the same total degree as the tensor basis
means that we can expand the target function in this basis, i.e. there exist coefficients c̃v such
that

fD(x) =
∑

v∈NN
ord:∥v∥1≤D

c̃vAv(x). (5.2.15)
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We showed that the computational cost of evaluating (5.2.15) is directly proportional to the
the number of terms, or parameters, which we denote by

P (N,D) := #
{
v ∈ NN

ord : ∥v∥1 ≤ D
}
.

A key observation is that the set
{
v ∈ NN

ord : ∥v∥1 = D
}

can be interpreted as the set of all
integer partitions of D, of length at most N (indices v = 0 do not contribute). There exist
various bounds for the number of such partitions that incorporate both N and D, such as [124,
Theorem 4.9.2], originally presented in [20],

P (N,D) ≤

(
D + N(N+1)

2

)N

(N !)2
∼ DN

(N !)2
as D → ∞, (5.2.16)

which unsurprisingly suggests that we gain an additional factor N ! in the number of parameters
and in the computational cost, compared to the total degree approximation which has asymp-
totic cost

(
N+D
D

)
∼ DN

N ! as D → ∞. Since we are particularly interested in an N -independent
bound we instead used a classical result of Hardy and Ramanujan [75].

Lemma 5.2.2. For any N,D we have

P (N,D) ≤ 1

8
√
3D

exp

(
π
√

4
3D

)
. (5.2.17)

The key property of this bound is that it is independent of the domain dimension N .
Inserting this bound in (5.2.8), we obtain the following approximation result in terms of the
number of parameters P = P (N,D).

Theorem 5.2.3. Let f ∈ Csym([−1, 1]N )∩K(M,µ, ρ), then there exists a constant c > 0 such
that for all D ≥ cN , the symmetric total degree approximation (5.2.15) satisfies

∥f − fD∥L∞ ≤ C exp
(
− α[logP ]2

)
,

where C,α > 0 are independent of N and D but may depend on M,µ, ρ.

Thus we obtain a super-algebraic convergence rate, which is better than the algebraic rate
that would be obtained with a nonsymmetric approximation due to (5.2.10).

We generalized these results for multivariate functions in dimension d, that is f(x1, . . . ,xN )
where each coordinate xj ∈ Ω ⊂ Rd, d ∈ N, and f is invariant under permutations, i.e.,

f(x1, . . . ,xN ) = f(xσ1, . . . ,xσN ) ∀σ ∈ SN . (5.2.18)

To obtain such approximation results we generalized the proof of Erdös presented in [57] to
estimate the number of parameters for a given degreeD, proposing a partition function adapted
to this case. With this we obtain the following result valid in any dimension d, upon a few
assumptions on the basis used that we do not state for simplicity.

Theorem 5.2.4. Under some assumptions there exist constants α,M > 0 such that

∥f − fD∥∞ ≤Me−α[logP ]1+1/d
.

We also obtain a super-algebraic rate in this case which is sharp in the regime D ≲ N1+1/d.
Sharper bounds were, moreover, obtained in the case D ≫ N1+1/d. Finally, the estimation of
the number of parameters was used to provide approximation rates for functions defined on
multisets. Open questions include incorporating more complex symmetries such as O(d).
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5.3 Learning other quantities of interest

Although I have not worked so much is this direction since the work on ACE [A15], the field
is evolving very quickly. Therefore I believe it is worth mentioning a few ongoing development
which may have a large impact, and are related to the rest of the manuscript, that is the use
of machine learning for electronic structure related quantities.

5.3.1 Learning the Hamiltonian

A first natural extension to learning interatomic potentials is to learn quantities directly related
to the electronic structure, such as the Hamiltonian matrix, the electronic density, or the density
matrix. Often these quantities are intermediate quantities that can be used to accelerate ab
initio calculations, in a similar spirit as what is presented in Section 4.2. For simplicity, we now
focus on the Hamiltonian, which we addressed in [A28]. In principle this Hamiltonian can arise
from different models such as tight-binding or DFT. However a representation using localized
basis functions such as Gaussian-type orbitals ensures the equivariance of the Hamiltonian. In
this case, when the atomic configuration is rotated, the Hamiltonian transforms according to
the spherical harmonics which compose the angular part of the basis functions.

In this work we extended ACE to account for equivariant functions in order to learn Hamil-
tonians for materials systems. Moreover the Hamiltonian is a matrix, and therefore a possibly
large number of coefficients have to be learned, which complicates the learning process. In a
similar manner, it is possible to learn the electronic density or the density matrix [152].

5.3.2 Learning the wavefunction

In the past few years, a lot of effort has been put in learning the wavefunction directly, using a
variational Monte Carlo method. The variational Monte Carlo method consists in minimizing
the energy of the wavefunction by sampling to compute high-dimensional integrals. The wave-
function is parametrized using a well-chosen ansatz. Although the variational Monte Carlo
method has been proposed a long time ago [101], a renewed interest has arisen recently due to
the use of parameterizations based on descriptors.

A key difference between the potential energy surface and the wavefunction is that on top
of the symmetry with respect to the permutation of the nuclei position, the wavefunction needs
to be antisymmetric with respect to the permutation of the electron positions. This requires
to use compatible ansatzes. Most of them are based on determinants, which are antisymmetric
possibly with a symmetric prefactor. E.g. the Slater–Jastrow wavefunction [88] writes for
electronic coordinates x = (x1, . . . ,xN )

Ψθ(x) = exp (−J(x)) ·ΨSlater(x),

with a Slater determinant
Ψθ(x1, . . . ,xN ) = det[ϕi(xj)],

where the one-body functions ϕi have still to be parametrized. This parameterization satisfies
the required symmetries. However it is in general incomplete, because the nodal surface of the
wavefunction is entirely determined by that of the Slater determinant.

A very successful ansatz is the backflow ansatz [60]. It consists in using a generalized Slater
determinant

Ψθ(x1, . . . ,xN ) = det[ϕi(xj ; {xk}k ̸=j)]

where the orbitals are invariant with respect to permutations within {xk}k ̸=j . Hutter showed
that a single term of this form suffices to represent a general anti-symmetric function [86]. Of
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course, it is possible to combine the Jastrow factor with the backflow ansatz. This seems to
lead to very accurate results, in different works, see e.g. the PauliNet [80], the FermiNet [118],
or DeepErwin [131]. This approach seems promising at approximating the solution to the
Schrödinger equation. In [P2], we compared two of these approaches with tensor-based methods
for small molecules, and the ML approaches were most of the time providing the most accurate
results.

5.4 Perspectives

Related to this subject, there are a few research directions that I would like to consider.

• Approximation results for equivariant functions In Section 5.2.4 we have studied
the number of permutation-invariant N -body basis functions with given total degree. It
would be interesting to provide analogous results in the case of rotation-equivariant and
permutation-invariant functions. For this, we would first need to evaluate or precisely
estimate the dimension of the space of rotation-equivariant and permutation-invariant
polynomials. This is actually work in progress. Having such bounds, it would be natural
to see if they can be used to extend the approximation results presented in [A2] for
multiset functions. It would also be interesting to consider similar approximation results
for anti-symmetric functions, applicable in the context of wavefunction approximation.

• Optimal descriptors Another question would be to study if there exist optimal de-
scriptors, in the sense that they lead to an optimal energy functional on a given set of
physically meaningful configurations. This would probably require studying the elec-
tronic structure problem and see if those descriptors can be directly derived from the
quantum eigenvalue problem. At that point, these descriptors may not be computable
in practice, so one would need to develop a strategy to approximate them in an efficient
and accurate way. A possible approach would be to formulate the problem in terms
of Gromov–Hausdorf distance, which is a distance which is tailored to compare data in
different spaces. Here we could e.g. match the descriptors to the electronic density or
density matrix. Another way to consider the problem would be to understand how to
choose a minimal set of descriptors from which it is possible to reconstruct any atomic
configuration.

• Uncertainty quantification There are then many questions related to the error of
machine-learned interatomic potentials. For example, could one provide error bounds
on the energy ? Another question is whether the error at the quantum level, e.g. dis-
cretization coming from the DFT calculation, could be put in an interatomic potential
uncertainty quantification framework, in order to better estimate the overall error. Hav-
ing such uncertainty estimate, it would be interesting to use it in order to develop opti-
mized databases, e.g. using greedy algorithms on the configurations, and including new
configurations with specific rules coming from the uncertainty quantification.

• Other symmetries In principle the ACE framework is generic to any permutation-
invariant and equivariance with respect to another group (rigid-body motion in the case
of molecules). It has been successfully applied to particle physics in [110]. It would be
nice to widen the applications even more and apply this to other Lie groups such as
SU(n).
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